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Abstract—We present an entanglement-generation rate analysis for generic quantum network architectures composed by
repeaters operating through single atoms in optical cavities.
Specifically, we analytically derive the end-to-end entanglement
rate between a couple of nodes through an arbitrary path. To
this aim, we first model the entanglement generation through a
stochastic framework that allows us to jointly account for all the
key physical-mechanisms affecting the end-to-end entanglement
rate, such as decoherence time, atom-photon and photon-photon
entanglement generation, entanglement swapping and imperfect
bell-state measurement. Then, we derive the closed-form expression of the end-to-end entanglement rate. Finally, we evaluate the
entanglement rate under realistic parameter setting.
Index Terms—Quantum Networks; Quantum Routing; Quantum Repeater; Entanglement Rate; Route; Path; Metric.

I. I NTRODUCTION
Despite the tremendous progress of quantum technologies,
long-distance efficient entanglement distribution still constitutes a key issue, due to the exponential decay of communication rate as a function of the distance [1], [2]. A viable solution
to significantly improve the entanglement distribution rate over
long distances is the adoption of quantum repeaters [3], [4]. As
shown in Figure 1, instead of distributing entanglement over
a long link, entanglement will be generated through smaller
links. A combination of entanglement swapping [5] and entanglement purification [6] performed at each quantum repeater
enables one to extend the entanglement over the entire channel.
Independently from the presence of quantum repeaters, another
key issue for efficient entanglement distribution is constituted
by the quantum decoherence, which involves a loss of the
entanglement between the entangled entities as time passes,
as shown in Figure 1.
Hence, in this paper, we analytically derive the end-to-end
entanglement rate through an arbitrary path in a quantum
network. To this aim, we model the entanglement generation
through a stochastic framework. As opposed to existing literature [7]–[11], we jointly account for all the key physicalmechanisms affecting the end-to-end entanglement rate, such
as decoherence time, atom-photon and photon-photon entanglement generation, entanglement swapping and imperfect bell-state measurement. Furthermore, differently from the
existing literature, we derive a closed-form expression of
the entanglement rate for an arbitrary path, by relaxing the

Fig. 1. Schematic illustration of the end-to-end entanglement generation
between nodes 𝑣1 and 𝑣3 through quantum repeater 𝑣2 , with quantum
memories depicted as squares and 𝑇 CH denoting the decoherence time. Time
duration proportion among operations not respected for the sake of clarity.

constraint that repeaters must split the long-range link into
segments of equal length. This is a valuable property, since it
allows our rate expression to be used as routing metric by an
arbitrary quantum routing protocol.
The rest of the paper is organized as follows. In Sec. II, we
describe the network model along with some preliminaries.
In Sec. III, we analytically derive the closed-form expression
of the end-to-end entanglement rate, whereas in Sec. IV we
evaluate the rate under realistic parameter setting. In Sec. V,
we conclude the paper, and, finally, some proofs are gathered
in the Appendix.
II. Q UANTUM N ETWORK A RCHITECTURE
We consider a quantum network architecture where the
heralding detection of an entanglement generation is based on
single-photon detection, and high-fidelity entangled pairs are
created at the price of low entanglement generation success
probabilities [11]–[15].
Specifically, as shown in Figure 2, a quantum repeater
consists of an atom storing a qubit and surrounded by two cavities: an heralding cavity and a telecom-wavelength entangling
cavity. The atoms (87 𝑅𝑏 rubidium isotopes) are individually
excited by laser pulses, which allow the heralded entanglement
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for successfully generating an atom-photon entanglement at
node 𝑣𝑖 ∈ 𝑉 .

Fig. 2. Schematic illustration of a quantum repeater operating through single
atoms in optical cavities. Dimension proportion among different components
not respected for the sake of clarity.

between the atom and a telecom-wavelength photon1 . More
in detail, the heralding cavity is responsible for detecting
the entanglement generation, whereas the entangling cavity
is responsible for coupling the telecom-wavelength photon to
the mode of single-mode optical telecom fiber.
Once an atom-photon entanglement is locally generated
at each node, a remote entanglement between two adjacent
nodes2 is generated by entanglement swapping through optical
Bell-State Measurement (BSM) of the two photons.
Finally, remote entanglement between non-adjacent nodes
is generated by performing entanglement swapping at intermediate nodes through an atomic BSM between the atom
pair stored at each intermediate node. Specifically, cavityassisted quantum gate is performed on two atoms via reflection
of a single photon originating from a cavity-based singlephoton source (SPS). Subsequent detection of the atomic
quantum states in suitable bases allows for an unambiguous
determination of the two-particle Bell state. This results in an
entangled state between the two non-adjacent nodes.
In the following, we denote the quantum network with the
graph 𝐺 = (𝑉, 𝐸), with 𝑉 = {𝑣𝑖 }𝑁
𝑖=1 and 𝐸 = {𝑒𝑖,𝑗 , 𝑣𝑖 , 𝑣𝑗 ∈
𝑉 } denoting the set of nodes and optical links, respectively.
Given an arbitrary couple of nodes 𝑣𝑖 and 𝑣𝑗 , if it exists
𝑒𝑖,𝑗 ∈ 𝐸 then 𝑣𝑖 and 𝑣𝑗 are defined adjacent nodes. 𝑑𝑖,𝑗 and
c
𝜏𝑖,𝑗
denote the length of the optical link and the average time3
required for a classical communication between node 𝑣𝑖 and
𝑣𝑗 , respectively.
The route ℛ𝑖,𝑗 denotes a simple path between two arbitrary
nodes 𝑣𝑖 and 𝑣𝑗 , i.e., a finite ordered sequence of edges
(𝑒𝜎1 ,𝜎2 , . . . , 𝑒𝜎𝑛−1 ,𝜎𝑛 ) in 𝐸 so that 𝑣𝜎1 = 𝑣𝑖 , 𝑣𝜎𝑛 = 𝑣𝑗 ,
∑𝑛−1
c
and 𝜎𝑖 ∕= 𝜎𝑗 for any 𝑖, 𝑗. 𝑇ℛ
= 𝑖=1 𝜏𝜎c 𝑖 ,𝜎𝑖+1 denotes the
𝑖,𝑗
average time required for a classical communication between
nodes 𝑣𝑖 and 𝑣𝑗 through path ℛ𝑖,𝑗 .
Definition 1. (Local Entanglement Probability) The local
entanglement generation probability 𝑝𝑖 denotes the probability
of successfully generating an atom-photon entanglement at
node 𝑣𝑖 ∈ 𝑉 .
Definition 2. (Local Entanglement Time) The local entanglement generation time 𝑇𝑖 denotes the average time required
1 I.e., a photon with a wavelength assuring low absorption in optical telecom
single-mode fibers, hence, facilitating long-distance communications.
2 I.e., two quantum repeaters connected by an optical fiber.
3 In the following, we assume without loss of generality 𝜏 c = 𝜏 c .
𝑖,𝑗
𝑗,𝑖

Definition 3. (Link Entanglement Probability) The
link entanglement generation probability 𝑝𝑖,𝑗 denotes the
probability of successfully generating a remote entanglement
between two adjacent nodes 𝑣𝑖 and 𝑣𝑗 through optical link 𝑒𝑖,𝑗 .
Definition 4. (Link Entanglement Time) The link entanglement generation time 𝑇𝑖,𝑗 denotes the average time required
for successfully generating aa remote entanglement between
two adjacent nodes 𝑣𝑖 and 𝑣𝑗 through optical link 𝑒𝑖,𝑗 .
Definition 5. (End-to-End Entanglement Probability)
The end-to-end entanglement generation probability 𝑝ℛ𝑖,𝑗
denotes the probability of successfully generating a remote
entanglement between two nodes 𝑣𝑖 and 𝑣𝑗 through route ℛ𝑖,𝑗 .
Definition 6. (End-to-End Entanglement Time) The end-toend entanglement generation time 𝑇ℛ𝑖,𝑗 denotes the average
time required for successfully generating a remote entanglement between two nodes 𝑣𝑖 and 𝑣𝑗 through route ℛ𝑖,𝑗 .
III. E ND - TO -E ND E NTANGLEMENT R ATE
Here, we first analytically derive in Sec. III-A the closedform expression of the expected link entanglement generation
rate. Then, we analytically derive in Sec. III-B the closed-form
expression of the expected end-to-end entanglement generation
rate. Finally, we discuss the derived results in Section III-C.
A. Link Entanglement
First, we observe that the local entanglement generation
probability 𝑝𝑖 at node 𝑖 is affected by two main factors [11]:
i) successful generation of a herald photon and a telecom
photon, assumed constant at each node since influenced
by the isotope unwanted initial-states and decay-paths;
ii) the parasitic losses in the heralding and entangling cavity,
assumed constant at each node since influenced by the
detector technology.
Hence, 𝑝𝑖 can be written as:
)
(
(1)
𝑝 = 𝑝𝑖 = 𝑝ℎ𝑡 𝜈 ℎ 𝜈 𝑡 ∀ 𝑣𝑖 ∈ 𝑉
with 𝑝ℎ𝑡 denoting the photons generation probability, and
𝜈 ℎ and 𝜈 𝑡 denoting the heralding and entangling detector
efficiency, respectively.
Once a heralded local entanglement is generated at each
node, the two photons must be sent to the BSM and must be
measured. Hence, by accounting for (1), the link entanglement
generation probability 𝑝𝑖,𝑗 is equal to [11]:
)2
1 (
1
𝑝𝑖,𝑗 = 𝜈 𝑜 𝑝𝑒−𝑑𝑖,𝑗 /(2𝐿0 ) = 𝜈 𝑜 𝑝2 𝑒−𝑑𝑖,𝑗 /𝐿0
(2)
2
2
where 𝜈 𝑜 denotes the optical BSM efficiency (assumed constant at each node), 𝑑𝑖,𝑗 denotes the length of link 𝑒𝑖,𝑗 , 𝐿0
denotes the attenuation length of the optical fiber, and the term

1
2

accounts for the optical BSM capability of unambiguously
identifying only two out of four bell states.
The average time 𝑇𝑖 required for a single atom-photon
entanglement operation is equal to:
𝑇 = 𝑇𝑖 = 𝜏 𝑝 + max{𝜏 ℎ , 𝜏 𝑡 } ∀ 𝑣𝑖 ∈ 𝑉

(3)

𝑝

with 𝜏 denoting the duration of the pulse required to excite
the atom, and 𝜏 ℎ and 𝜏 𝑡 denoting the time expectation for
heralding-cavity and telecom-cavity output (again, assumed
constant at each node without loss of generality).
Once an atom-photon entanglement operation is performed,
the two photons must be sent to the optical BSM, and then
an acknowledgment of the arrival of the photons must be
sent back from the BSM to each node4 . If the first link
𝑠
required
entanglement attempt succeeds, the average time 𝑇𝑖,𝑗
for the successful attempt is equal to:
}
{
𝑠
(4)
= 𝜏 𝑝 + max 𝜏 ℎ , 𝜏𝑖,𝑗
𝑇𝑖,𝑗
where
c
+
𝜏𝑖,𝑗 = 𝜏 𝑡 + 𝜏 𝑜 + 𝜏𝑖,𝑗

𝑑𝑖,𝑗
2𝑐𝑓

(5)

c
with 𝜏 𝑜 denoting the time required for the optical BSM, 𝜏𝑖,𝑗
denoting the time required for ack transmission over classical
communication link between nodes 𝑣𝑖 and 𝑣𝑗 , and 𝑐𝑓 denoting
the light speed in optical fiber. Otherwise, if the first attempt
fails, an additional time 𝜏 𝑑 is required for cooling the atom
before to start a new local entanglement generation, and the
𝑓
required for the failed attempt is equal
total average time 𝑇𝑖,𝑗
to:
}
{
𝑓
(6)
= 𝜏 𝑝 + max 𝜏 ℎ , 𝜏𝑖,𝑗 , 𝜏 𝑑
𝑇𝑖,𝑗

By accounting for (2) and (6), we derive in Lemma 1 the
average time 𝑇𝑖,𝑗 for a link entanglement generation
Lemma 1. (Link Entanglement Generation Time) The average time required to generate a remote entanglement between
two adjacent nodes 𝑣𝑖 and 𝑣𝑗 is equal to:
𝑇𝑖,𝑗 =

𝑓
𝑠
+ 𝑝𝑖,𝑗 𝑇𝑖,𝑗
𝑝¯𝑖,𝑗 𝑇𝑖,𝑗
𝑝𝑖,𝑗

(7)

△

𝑓
𝑠
with 𝑝¯𝑖,𝑗 = 1 − 𝑝𝑖,𝑗 and 𝑇𝑖,𝑗
and 𝑇𝑖,𝑗
given in (4) and (6),
respectively.
Proof: See Appendix A.

From Lemma 1, the main result follows.
Theorem 1. (Link Entanglement Generation Rate) The
expected entanglement generation rate 𝑅𝑖,𝑗 (𝑇 ch ) between adjacent nodes 𝑣𝑖 and 𝑣𝑗 is equal to:
𝑅𝑖,𝑗 (𝑇 ch ) =

0
1/𝑇𝑖,𝑗

if 𝑇 ch < 𝜏𝑖,𝑗
otherwise

(8)

with 𝑇 ch denoting the quantum memory coherence time and
𝜏𝑖,𝑗 given in (5).
Proof: See Appendix B.
4 The acks can be sent through full-duplex optical links with classical
communications characterized by a negligible error rate.

B. End-to-End Entanglement
Once an entanglement between adjacent nodes is obtained,
remote entanglement between non-adjacent nodes can be generated by performing entanglement swapping at intermediate
nodes through atomic BSM.
By denoting with 𝜏 𝑎 and 𝜈 𝑎 the duration and the efficiency
of a single atomic BSM, respectively, we derive in Lemma 2
the average time for an end-to-end entanglement generation
𝑇ℛ𝑖,𝑗 .
Lemma 2. (End-to-End Entanglement Generation Time)
The expected time required to generate a remote entanglement
between two non-adjacent nodes 𝑣𝑖 and 𝑣𝑗 through route ℛ𝑖,𝑗
is given by:
(9)
𝑇ℛ𝑖,𝑗 = 𝑇ℛ𝜎1 ,𝜎𝑛
with 𝑇ℛ𝜎𝑙 ,𝜎𝑚 for the arbitrary sub-route ℛ𝜎𝑙 ,𝜎𝑚 recursively
defined as in
(10) shown at the top of next page, and with
∑𝑚−1
c
=
𝜏𝜎c 𝑙 ,𝜎𝑙+1 .
𝑇ℛ
𝑙
𝜎𝑙 ,𝜎𝑚
Proof: See Appendix C.
From Lemma 2, the main result follows.
Theorem 2. (End-to-End Entanglement Generation Rate)
The expected entanglement generation rate 𝑅ℛ𝑖,𝑗 (𝑇 ch ) between nodes 𝑣𝑖 and 𝑣𝑗 through route ℛ𝑖,𝑗 is given in (11)
shown at the top of next page, with 𝑇 ch denoting the quantum
memory coherence time, and 𝜏ℛ𝜎𝑙 ,𝜎𝑚 recursively defined as in
(12) shown at the top of next page.
Proof: See Appendix D.
Remark. 𝜏ℛ𝜎𝑙 ,𝜎𝑚 given in (12) denotes the minimum storing
time required to the quantum memories for the successful
generation of an end-to-end entanglement.
C. Discussion
Here we conduct a brief discussion stemming from the
results derived through the paper.
The implicit assumption of our theoretical analysis is that
the local entanglements start simultaneously, i.e., the swapping strategy is not optimized with respect to times 𝑇𝑖𝑗 .
As instance, let us consider the route {𝑒1,2 , 𝑒2,3 , 𝑒3,4 }, with
𝑠
𝑠
=𝑠 𝑇2,3 >> 𝑇3,4
. By neglecting the decoherence effects,
𝑇1,2
it is equivalent to either: i) swapping first at 𝑣2 between link
entanglements (𝑣1 , 𝑣2 ) and (𝑣2 , 𝑣3 ), and then swapping at 𝑣3
between remote entanglements (𝑣1 , 𝑣3 ) and link entanglement
(𝑣2 , 𝑣3 ); ii) swapping first at 𝑣3 , and then swapping at 𝑣2 .
Differently, if we aim at minimizing the decoherence effects,
it would be better to adopt the former strategy and to delay
the link entanglement generation at 𝑒3,4 as much as possible.
We leave the analysis of the swapping strategy optimization
as a future work.
Furthermore, we explicitly neglect the effects of entanglement purification in our rate analysis. The rationale for
this choice is that the adopted quantum repeater architecture
is characterized by an extremely high fidelity, with values
close to 𝐹 = 0.99 [11], [16]. Nevertheless, we plan to

𝑇ℛ𝜎𝑙 ,𝜎𝑚

}
}
{
{
⎧
⌈
⌉
𝑎
c
c

+
𝜏
max
𝑇
,
𝑇
+
max
𝑇
,
𝑇
ℛ
ℛ
⎨
𝜎𝑙 ,𝜎𝑘
𝜎𝑘 ,𝜎𝑚
ℛ𝜎𝑙 ,𝜎𝑘
ℛ𝜎𝑘 ,𝜎𝑚
𝑚+𝑙
, 𝑘=
=
𝜈𝑎
2

⎩
𝑇𝜎𝑙 ,𝜎𝑙+1

𝑅ℛ𝑖,𝑗 (𝑇 ch ) =

𝜏ℛ𝜎𝑙 ,𝜎𝑚 =

⎧
{
⎨max 𝜏
⎩

⎧
⎨0

if 𝑇 ch < 𝜏ℛ𝑖,𝑗 − min

⎩1/𝑇

otherwise

𝑙=1,𝑛−1

ℛ𝑖,𝑗

ℛ𝜎𝑙 ,𝜎𝑘 , 𝜏ℛ𝜎𝑘 ,𝜎𝑚

}

𝑙

End-to-End Entanglement Generation Rate

Link Entanglement Generation Rate

𝑚+𝑙
2

if 𝑚 = 𝑙 + 1

}
(11)
⌉
if 𝑚 > 𝑙 + 1

(12)

10 4

Eq. (8), τ d = 10μs
Eq. (8), τ d = 100μs
Eq. (8), τ d = 1ms
Eq. (8), τ d = 100ms
Conventional Rate

10 1
10 0
10 -1
10 -2
10 -3

10

𝑘 ,𝜎𝑚

𝑘

⌈
, 𝑘=

(10)

otherwise

10 2

-5

}

𝑇𝜎𝑠𝑙 ,𝜎𝑙+1

10 3

10

𝑇𝜎𝑠𝑙 ,𝜎𝑙+1 − 𝜏𝜎𝑙 ,𝜎𝑙+1

{
c
c
+ 𝜏 𝑎 + max 𝑇ℛ
, 𝑇ℛ
𝜎 ,𝜎
𝜎

10 4

-4

{

if 𝑚 > 𝑙 + 1
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Fig. 3. Expected Link Entanglement Generation Rate 𝑅𝑖,𝑗 (𝑇 ch ) between
adjacent nodes 𝑣𝑖 and 𝑣𝑗 as a function of the optical link length 𝑑𝑖,𝑗 for
different values of the time 𝜏 𝑑 required for atom cooling. Decoherence time
𝑇 ch equal to 10𝑚𝑠. Logarithmic scale for 𝑦 axis.

incorporate the purification mechanism within the end-to-end
entanglement rate analysis in a future work.
IV. N UMERICAL R ESULTS
Here, we evaluate both the link and the end-to-end entanglement rate by adopting the quantum repeater model shown
in Fig. 2.
All the parameters have been set in agreement with experimental results [11], [13], but we note that the analytical results
derived in Sec. III continue to hold for any different parameter
setting. Specifically, we set 𝑝ℎ𝑡 = 0.53, 𝜈 ℎ = 𝜈 𝑡 = 0.8,
𝜈 𝑜 = 0.390, 𝐿0 = 22𝑘𝑚, 𝑐𝑓 = 2 ∗ 108 𝑚/𝑠, 𝜏 𝑝 = 5.9𝜇𝑠,
𝜏ℎ = 20𝜇𝑠, 𝜏𝑡 = 10𝜇𝑠 and 𝜏 𝑑 = 100𝜇𝑠. Furthermore, we set
𝑐
= 𝑑𝑖,𝑗 /(2𝑐𝑓 ) by neglecting the delay introduced by the
𝜏𝑖𝑗
optical amplifier, and we set 𝜏𝑜 = 𝜏𝑎 = 10𝜇𝑠 analogously5
to 𝜏𝑡 . Finally, we reasonably assume quantum memories with
5 The analytical results derived in Sec. III continue to hold for any different
time-parameters setting.

Eq.
Eq.
Eq.
Eq.

(8), single link
(12), d12 = d23
(12), d12 = d23 /2
(12), d12 = d23 /4
d23
Eq. (12), d12 = lim
n→∞ n
Conventional Rate, d12 = d23
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Fig. 4. Expected End-to-End Entanglement Generation Rate 𝑅ℛ1,3 (𝑇 ch )
between nodes 𝑣1 and 𝑣3 through route ℛ1,3 = {𝑒1,2 , 𝑒2,3 } as a function
of the total path length 𝑑1,2 + 𝑑2,3 for different values of 𝑑1,2 . Atom cooling
time 𝜏 𝑑 and decoherence time 𝑇 ch equal to 100𝜇𝑠 and 10𝑚𝑠, respectively.
Logarithmic scale for 𝑦 axis.

coherence time 𝑇 ch = 10𝑚𝑠, since coherence times greater by
more than an order of ten seconds have been already reported
for the adopted qubit implementation (i.e., 87 𝑅𝑏) [17] and
storage times exceeding 10−5 𝑠 have been already reported for
the atom-photon entanglement [16].
In Fig. 3, we show the expected link entanglement rate
𝑅𝑖,𝑗 (𝑇 ch ) between adjacent nodes 𝑣𝑖 and 𝑣𝑗 given in (8)
as a function of the optical link length 𝑑𝑖𝑗 for different
values of the time 𝜏 𝑑 required for atom cooling (ranging from
10𝜇𝑠 to 0.1𝑠). For performance comparison, we consider the
approximation of the link entanglement rate recently proposed
in [11], referred to as Conventional Rate and approximating
the rate as (𝑑𝑖𝑗 /𝑐𝑓 + 𝜏 )/𝑝𝑖𝑗 with 𝜏 = 100𝜇𝑠 and 𝜈 𝑜 = 1
(i.e., ideal optical BSM). First, we note that the approximation
slightly differs from the exact closed-form expression derived
in (8) when 𝜏 𝑜 = 𝜏 . Furthermore, we note that: i) the duty
cycle duration significantly degrades the achievable rates for

presence of a critical path length value even when the repeater
is not positioned in the path median.
Finally, in Fig. 5, we report the minimum coherence time
𝜏ℛ𝜎𝑙 ,𝜎𝑚 required to the quantum memories for the successful
generation of an end-to-end entanglement between nodes 𝑣1
and 𝑣3 through route ℛ1,3 = {𝑒1,2 , 𝑒2,3 } as a function of
the total path length 𝑑1,2 + 𝑑2,3 . The analytical expression of
𝜏ℛ𝜎𝑙 ,𝜎𝑚 is given in (12). We first observe that the minimum
coherence times are obtained by using a repeater positioned
in the path median. Furthermore, quantum memories with
coherence times exceeding the order of ten milliseconds can
guarantee an end-to-end entanglement even for the larger
values of considered path lengths.

Minimum Required Coherence Time [s]
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Eq.
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Eq. (12), d12 = lim
n→∞ n
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Fig. 5. Minimum Coherence Time 𝜏ℛ𝜎 ,𝜎𝑚 required for an end-to𝑙
end entanglement between nodes 𝑣1 and 𝑣5 through route
∑4ℛ1,3 =
{𝑒1,2 , 𝑒2,3 , 𝑒3,4 , 𝑒4,5 } as a function of the total path length
𝑖=1 𝑑𝑖,𝑖+1
for different values of 𝑑1,2 , with 𝑑2,3 = 𝑑3,4 = 𝑑4,5 . Atom cooling time
𝜏 𝑑 equal to 100𝜇𝑠. Logarithmic scale for 𝑦 axis.

shorter links, whereas it has no effect on longer links; ii) the
higher is 𝜏 𝑑 , the larger is the range of distances affected by the
duty cycle. This is reasonable: whenever it results 𝑡𝑖,𝑗 > 𝜏 𝑑
𝑠
(i.e., long links), equation (7) degenerates in 𝑇𝑖,𝑗 = 𝑇𝑖,𝑗
/𝑝𝑖,𝑗 .
In Fig. 4, we show the expected end-end entanglement rate
𝑅ℛ1,3 (𝑇 ch ) between nodes 𝑣1 and 𝑣3 through route ℛ1,3 =
{𝑒1,2 , 𝑒2,3 } given in (11) as a function of the total path length
𝑑1,2 + 𝑑2,3 . We consider four different topologies, by varying
the ratio between the link lengths, plus an additional topology
where there exists a direct link between 𝑣1 and 𝑣3 with length
𝑑1,3 = 𝑑12 + 𝑑23 . For performance comparison, we consider
also the approximation of the end-to-end entanglement rate
recently proposed in [11], referred to as Conventional Rate.
We first note that approximation significantly differs from the
exact closed-form expression derived in (8) whenever 𝑑12 ∕=
𝑑23 , especially for longer links where the rate is over-estimated
by roughly two order of magnitudes. Furthermore, we note
that the exact closed-form expression derived in (8) is able
to account for the rich dynamic imposed by the ratio of the
link lengths. As an example, at 𝑑 = 200𝑘𝑚, the end-to-end
entanglement rate can vary from 0.19 entanglements/second
for 𝑑2,3 = 𝑑1,2 to 0.007 entanglements/second for 𝑑2,3 =
4𝑑1,2 .
The rightmost box shows the presence of a critical path
length value so that: i) for paths shorter than such a threshold,
connecting 𝑣1 and 𝑣3 with a single link (i.e., without a
repeater) with total length equal to 𝑑1,2 + 𝑑2,3 assures the
highest entanglement rate: ii) on the contrary, for paths longer
than such a threshold, connecting 𝑣1 and 𝑣3 through a repeater
at 𝑣2 with 𝑑1,2 = 𝑑2,3 assures the highest entanglement
rate. Clearly, this threshold effect is critical for selecting the
shortest-path in complex networks, and it must be carefully
taken into account. Similarly, the leftmost box shows the

V. C ONCLUSIONS
In this paper, we analytically derived the end-to-end entanglement rate between a couple of nodes through an arbitrary path. To this aim, we first modeled the entanglement
generation through a stochastic framework that allowed us to
jointly account for all the key physical-mechanisms affecting
the end-to-end entanglement rate, such as decoherence time,
atom-photon and photon-photon entanglement generation, entanglement swapping and imperfect bell-state measurement.
Then, we derived the closed-form expression of the end-to-end
entanglement rate for an arbitrary path, by relaxing the usual
constraint that the repeaters must split the long-range link into
segments of equal length. This is a valuable property, since it
allows our rate expression to be used as routing metric by an
arbitrary quantum routing protocol.
A PPENDIX
A. Proof of Lemma 1
The thesis follows,∑
after some algebraic manipulations,
∑∞ from
∞
the notable relations 𝑛=0 𝑛𝑥𝑛 = 𝑥/(𝑥−1)2 and 𝑛=0 𝑥𝑛 =
1/(1 − 𝑥) for ∣𝑥∣ < 1.
B. Proof of Theorem 1
The thesis follows from (5) and Lemma 1, by noting that:
i) the degradation of the qubit stored at each adjacent node
starts at the emission of the telecom-wavelength photon
during the local entanglement operation;
ii) every time a link entanglement operation fails, a heralded
local entanglement is re-generated at both 𝑣𝑖 and 𝑣𝑗 ;
iii) given that at time 𝑇𝑖,𝑗 a link entanglement is generated,
the most recent emission of telecom-wavelength photons
happened at time 𝑇𝑖,𝑗 − 𝜏𝑖,𝑗 , independently from the
number of failed link entanglement operations.
C. Proof of Lemma 2
We prove the thesis through mathematical induction.
Basis: Show that the statement hold for when 𝑁 = 1 swapping rounds are required, i.e., when we have a route composed
by at most two links. We set ℛ𝑖,𝑗 = ℛ13 = (𝑒12 , 𝑒23 ) for the
sake of notation simplicity.
To generate a remote entanglement between 𝑣1 and 𝑣3 , we
need first to generate two link entanglements through 𝑒12

and 𝑒23 . This operation requires an average time equal to
max{𝑇12 , 𝑇23 }. Once done, we have two cases.
i) With probability 𝜈 𝑎 an entanglement swapping is generated at node 𝑣2 , and the swapping operation requires a
time equal to 𝜏 𝑎 . Furthermore, an additional time equal
c
c
, 𝑇23
} is required for acknowledging 𝑣1 and
to max{𝑇12
𝑣3 that a remote entanglement has been successfully
generated through classical communication.
△
ii) With probability 𝜈¯𝑎 = 1−𝜈 𝑎 , the swapping fails in a time
𝑎
equal to 𝜏 . Furthermore, every time a BSM fails, the link
entanglements through 𝑒12 and 𝑒23 must be re-generated.
c
c
, 𝑇23
} is
Hence, an additional time equal to max{𝑇12
required for informing 𝑣1 and 𝑣3 to start a new link
entanglement generation process.
Hence, by denoting with 𝑇22 = max{𝑇12 , 𝑇23 } + 𝜏 𝑎 +
c
c
max{𝑇12
, 𝑇23
} and by accounting
notable relations
∑∞for the
∑
∞
𝑛
2
𝑛
𝑛𝑥
=
𝑥/(𝑥
−
1)
and
𝑥
=
1/(1 − 𝑥) for
𝑛=0
𝑛=0
∣𝑥∣ < 1, we obtain:
𝑇13 =

∞
∑

𝑘

(𝑘 + 1)𝑇22 (¯
𝜈𝑎) 𝜈𝑎 =

𝑘=0

𝑇22
𝜈𝑎

(13)

and the statement is true for 𝑁 = 1.
Inductive Step: Show that (10) holds for 𝑁 + 1 swapping
rounds, given that (10) is true for 𝑁 swapping rounds. We set
ℛ𝑖,𝑗 = ℛ1,𝑛 = (𝑒1,2 , . . . , 𝑒𝑛−1,𝑛 ) with 𝑛 = 2𝑛+1 for the sake
of notation simplicity.
To generate an end-to-end entanglement between 𝑣1 and
entanglements
𝑣𝑛 , we need first to generate two end-to-end
⌉
⌈
,
and
this requires
between 𝑣1 , 𝑣𝑘 and 𝑣𝑘 , 𝑣𝑛 with 𝑘 = 𝑛+1
2
an average time equal to max{𝑇ℛ1,𝑘 , 𝑇ℛ𝑘,𝑛 }. Then, we have
two cases.
i) With probability 𝜈 𝑎 an entanglement swapping is generated at node 𝑣𝑘 in a time equal to 𝜏 𝑎 , and 𝑣1 and 𝑣𝑛
become aware about the end-to-end entanglement generation through classical communication after an additional
c
c
, 𝑇ℛ
}.
time equal to max{𝑇ℛ
1,𝑘
𝑘,𝑛
𝑎
ii) With probability 𝜈¯ , the swapping fails in a time equal
c
c
, 𝑇𝑘,𝑛
}
to 𝜏 𝑎 , and an additional time equal to max{𝑇1𝑘
is required to inform each node belonging to the route
ℛ1,𝑛 that the link entanglements must be re-generated.
∑∞
Hence, by accounting
for the notable relations 𝑛=0 𝑛𝑥𝑛 =
∑
∞
𝑥/(𝑥 − 1)2 and 𝑛=0 𝑥𝑛 = 1/(1 − 𝑥) for ∣𝑥∣ < 1, the thesis
follows.
D. Proof of Theorem 2
First, we note that:
i) the degradation of the qubit stored at each adjacent node
starts at the emission of the telecom-wavelength photon
during the local entanglement operation;
ii) every time an entanglement swapping operation fails, a
link entanglement is re-generated at each edge 𝑒𝜎𝑖 𝜎𝑖+1 ∈
ℛ𝑖,𝑗 composing the route
iii) given that at time 𝑇ℛ𝑖,𝑗 an end-to-end entanglement is
generated, the most recent round of link entanglement
operations started at time 𝑇ℛ𝑖,𝑗 −𝜏ℛ𝑖,𝑗 (with 𝜏ℛ𝑖,𝑗 derived

in (12) by accounting for Lemma 2), independently from
the number of failed link entanglement rounds;
iv) given that at time 𝑇ℛ𝑖,𝑗 − 𝜏ℛ𝑖,𝑗 the most recent round
of link entanglement operations started, the subsequent
emission of telecom-wavelength photons for link 𝑒𝜎𝑙 ,𝜎𝑙+1
happened at time 𝑇ℛ𝑖,𝑗 − 𝜏ℛ𝑖,𝑗 + (𝑇𝜎𝑠𝑙 ,𝜎𝑙+1 − 𝜏𝜎𝑙 ,𝜎𝑙+1 ).
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