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Adxnmc RgZmmnm Khlhsr. PtZmstl BnlltmhbZshnmr
sgqntfg PtZmstl OZsgr

LZqbdkkn BZkdez: Rdmhnq Ldladq: HDDD: Jxqxkn Rhlnmnu: �mfdkZ RZqZ BZbbhZotnsh·: Rdmhnq Ldladq: HDDD

�arsqTbs-� bqtbhTk rsdo snvTqcr sgd 5sg fdmdqTshnm —5F(
ne mdsvnqjr vntkc ad T rghes hm bnlltmhbTshnm oTqTchfl
adxnmc sgd khlhsr ne RgTmmnm)r sgdnqx0 Gm ansg bkTrrhbTk Tmc
ptTmstl RgTmmnm)r hmenqlTshnm sgdnqx. bnlltmhbTshnm bgTmmdkr
Tqd fdmdqTkkx Trrtldc sn bnlahmd sgqntfg bjTrrhbTj sqTidbsnqhdr.
rn sgTs sgd TrrnbhTsdc mdsvnqj oTsg sqTudqrdc ax sgd hmenqlTshnm
bTqqhdq hr vdkk,cdymdc0 Antmsdq,hmsthshudkx. ptTmstl ldbgTmhbr
dmTakdr T ptTmstl hmenqlTshnm bTqqhdq sn oqnoTfTsd sgqntfg T
ptTmstl oTse. h0d0. sgqntfg T oTsg rtbg sgTs sgd bTtrTk nqcdq
ne sgd bnmrshstshmf bnlltmhbTshnmr bgTmmdkr adbnldr hmcdymhsd0
PtTmstl oTsgr dwghahs Trsnmhrghmf edTstqdr. rtbg Tr oqnuhchmf
mnm,mtkk bToTbhsx dudm vgdm mn hmenqlTshnm bTm ad rdms sgqntfg
Tmx bkTrrhbTk oTsg0 Gm sghr oTodq. vd rstcx sgd ptTmstl bToTbhsx
TbghduTakd uhT T ptTmstl oTsg Tmc drsTakhrg toodq Tmc sgd
knvdq antmcr enq hs0 Ntq ymchmfr qdudTk sgd rtarsTmshTk TcuTmsTfd
TbghduTakd vhsg T ptTmstl oTsg nudq Tmx bkTrrhbTk okTbdldmsr
ne bnlltmhbTshnmr bgTmmdkr hm sdqlr ne tkshlTsd TbghduTakd
bnlltmhbTshnm qTsdr0 Etqsgdqlnqd. vd hcdmshex sgd qdfhnm vgdqd
T ptTmstl oTsg hmbnmsqnudqshakx ntsodqenqlr sgd Tlntms ne
sqTmrlhrrhakd hmenqlTshnm adxnmc sgd khlhsr ne bnmudmshnmTk
ptTmstl RgTmmnm)r sgdnqx. Tmc vd ptTmshex sghr TcuTmsTfd nudq
bkTrrhbTk oTsgr sgqntfg T bnmrdquTshud drshlTsd0

Amcdu Idqlr-PtTmstl AToTbhsx. PtTmstl OTsg. PtTmstl
SqTidbsnqx. PtTmstl Rvhsbg. DmsTmfkdldms. ATtrTk Nqcdq. AkTr,
rhbTk OTsg. PtTmstl Gmsdqmds0

H0 HMSQNCTBSHNM
�0 LnshuYshnm
Cdrohsd Z rhfmhzbZms ZcuZmbdldms hm bnlltmhbZshnmr Zesdq

qdbdms hmsqnctbshnm ne sgd 4sg fdmdqZshnm –4F( mdsvnqjr: sgd
eZrs/fqnvhmf mddcr ne dwbgZmfhmf dudq ahffdq Zlntms ne cZsZ
uhZ lnqd deedbshud mdv rdquhbdr sqhffdq cdudknoldms ne sgd
5sg fdmdqZshnm –5F( mdsvnqjr0 � bqtbhZk oqnakdl hr qdZbghmf
dudq ghfgdq bnlltmhbZshnm qZsdr: vghbg: gnvdudq: Zqd khlhsdc
ax sgd RgZmmnm@r hmenqlZshnm sgdnqx0 Hmcddc: sgd etmcZldmsZk
Zrrtloshnm tmcdqkxhmf RgZmmnm@r sgdnqx vZr sn lncdk ansg
sgd hmenqlZshnm bZqqhdqr Zmc sgd bnlltmhbZshnm bgZmmdkr Zr
bkZrrhbZk dmshshdr: nadxhmf sgd kZv ne bkZrrhbZk ogxrhbr )fl[: )1[0
Ctqhmf sgd kZrs zud cdbZcdr: rbhdmshrsr gZud addm vnqjhmf nm

dwsdmchmf RgZmmnm@r sgdnqx sn sgd ptZmstl cnlZhmfl - Zm ZqdZ

�0R0 BZbbhZotnsh Zmc L0 BZkdez Zqd vhsg sgd sgd vvv0PtZmstlHmsdqmds0hs
qdrdZqbg fqnto: EJX. Etstqd BnlltmhbYshnmr JYanqYsnqx: Zs sgd CdoZqsldms
ne DkdbsqhbZk Dmfhmddqhmf Zmc HmenqlZshnm Sdbgmnknfx –CHDSH(: Tmhudqrhsx ne
MZokdr Edcdqhbn HH: MZokdr: 79fl14 HsZkx0 J0 Rhlnmnu hr hmcdodmcdms qdrdZqbgdq0
D/lZhk. ZmfdkZrZqZ0bZbbhZotnsh]tmhmZ0hs: jxqxkn0rhlnmnu]tmhuhd0Zb0Zs: lZq/
bdkkn0bZkdez]tmhmZ0hs0
�0R0 BZbbhZotnsh Zmc L0 BZkdez Zqd Zkrn vhsg sgd KZanqZsnqhn MZyhnmZkd

ch BnltmhbZyhnmh LtkshldchZkh: MZshnmZk Hmsdq/Tmhudqrhsx Bnmrnqshtl enq
SdkdbnlltmhbZshnmr –BMHS(: MZokdr: 79fl15: HsZkx0
Sghr vnqj vZr oZqshZkkx rtoonqsdc ax sgd oqnidbs ”SnvYqcr sgd PtYmstl

Hmsdqmds. � LtkshchrbhokhmYqx Deenqs‘: Tmhudqrhsx ne MZokdr Edcdqhbn HH: HsZkx0
∗Bnqqdronmchmf Ztsgnq0
flEnq Z bnloqdgdmrhud nudquhdv ne ptZmstl bnlltmhbZshnm zdkc: sgd

hmsdqdrsdc qdZcdq lhfgs qdedq sn sgd enkknvhmf vnqjr )fl[: )2[-)6[0

� D

D �

Ehf0 fl. HmenqlZshnm bZqqhdq sqZudqrhmf bgZmmdk D Zesdq bgZmmdk
D nq uhbd udqrZ: h0d0: sgqntfg Z bkYrrhbYk oYsg hlokdldmshmf
sgd vdkk/cdzmdc bZtrZk nqcdq D → D nq D → D: qdrodbshudkx0

�

D

Ehf0 1. HmenqlZshnm bZqqhdq sqZudqrhmf bgZmmdkr D Zmc D hm Z
rtodqonrhshnm ne sgd svn ZksdqmZshud bZtrZk nqcdqr D → D Zmc
D → D: h0d0: sgqntfg Z ptYmstl oYsg0

ne rstcx qdedqqdc sn Zr ptYmstl RgYmmnm)r sgdnqx )7[: )8[ -
ax lncdkhmf sgd hmenqlZshnm bZqqhdqr Zr ptZmstl rxrsdlr Zmc
ax dwoknhshmf sgd tmbnmudmshnmZk ogdmnldmZ - rtodqonrhshnm
Zmc dmsZmfkdldms - Zqhrhmf eqnl rtbg Z lncdkhmf0 Sgd qdZrnm
adghmc rtbg Zm dwsdmrhnm khdr hm sgd bZoZahkhsx ne ptZmstl
ldbgZmhbr sn dmZakd ZookhbZshnmr hm bnlltmhbZshnm mdsvnqjr
vhsg mn/bntmsdqoZqs hm bkZrrhbZk mdsvnqjr: Zr onhmsdc nts hm
)fl9[-)fl1[0
Ats: hm ansg bkZrrhbZk Zmc ptZmstl RgZmmnm@r hmenqlZshnm

sgdnqx: bnlltmhbZshnm bgZmmdkr Zqd fdmdqZkkx Zrrtldc sn
ad okZbdc hm Z bkZrrhbZk rdsshmf: rtbg sgZs sgd ZrrnbhZsdc
mdsvnqj oZsg sqZudqrdc ax sgd hmenqlZshnm bZqqhdq hr vdkk/
cdzmdc0 �r hmrsZmbd: vhsg qdedqdmbd sn Ehf0 fl: vgdm Z ldrrZfd
i hr hmsdmcdc sn oqnoZfZsd eqnl sgd rdmcdq sgqntfg svn
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Ehf0 2. RbgdlZshb chZfqZl ne rnld ne onrrhakd Zqbghsdbstqdr ne sgd ognsnmhb ptZmstl RVHSBG0 –Z( �m hlokdldmsZshnm uhZ Z
LZbg/Ydgmcdq fdnldsqx: vgdqd sgd sZqfds ptahs hr dmbncdc hm onkZqhyZshnm ne sgd ognsnm: vghkd sgd bnmsqnk ptahs hr lZoodc hmsn
hsr oZsg cdfqdd ne eqddcnl trhmf sgd zqrs adZl rokhssdq Zmc bngdqdmskx qdbnlahmhmf sgd oZsgr D → D Zmc D → D Zs sgd rdbnmc
adZl rokhssdq )fl2[-)fl6[0 –a( �m hlokdldmsZshnm uhZ Z RZfmZb fdnldsqx: vgdqd sgd sZqfds ptahs hr dmbncdc hm onkZqhyZshnm ne sgd
ognsnm –Zr hm –Z((: vgdqdZr Z rhmfkd adZl rokhssdq hmsqnctbdr sgd oZsg cdfqdd ne eqddcnl Zr bnmsqnk Zmc bnlokdsdr rtodqonrhshnm
ne bZtrZk nqcdqr ne D Zmc D )fl7[0 –b( �m hlokdldmsZshnm uhZ Z fdnldsqx: vgdqd sgd sZqfds ptahs hr dmbncdc hm sgd oZsg cdfqdd
ne eqddcnl ne sgd ognsnm: vghkd sgd qnkd ne bnmsqnk ptahs hr okZxdc ax hsr onkZqhyZshnm )fl8[: )19[0

bnlltmhbZshnm bgZmmdkr - rZx bgZmmdkr D Zmc D - sn qdZbg
sgd qdbdhudq: dhsgdq bgZmmdk D hr bqnrrdc Zesdq bgZmmdk D nq uhbd
udqrZ0 Hm ansg bZrdr: sgd bZtrZk nqcdq ne sgd bgZmmdkr sqZudqrdc
ax sgd ldrrZfd hr vdkk/cdzmdc: h0d0: dhsgdq D → D nq D → D0
Hm sgd qdbdms xdZqr: Z kns ne deenqs gZr addm ots sn zmc

bnlltmhbZshnm rbdmZqhnr Zkknvhmf nmd sn qdZbg sgd qZsdr mns
nmkx adxnmc sgd bkZrrhbZk ats dudm sgd ptZmstl RgZmmnm@r
sgdnqx0 Bntmsdq/hmsthshudkx: ptZmstl ldbgZmhbr Zkknvr Z rxr/
sdl sn oqnoZfZsd rhltksZmdntrkx Zlnmf ltkshokd roZbd/shld
sqZidbsnqhdr )1[: )1fl[: )11[0 Sghr odbtkhZq oqnodqsx dmZakdr rbd/
mZqhnr: vgdqd ptZmstl hmenqlZshnm bZqqhdq oqnoZfZsdr sgqntfg
Z ptZmstl oZsg: h0d0: sgqntfg Z mdsvnqj oZsg vgdqd sgd bnmrsh/
stshmf bnlltmhbZshnmr bgZmmdkr Zqd bnlahmdc hm Z ptYmstl
rtodqonrhshnm ne cheedqdms bnmzftqYshnmr0 Sgd Zenqdldmshnmdc
bgZmmdk okZbdldms bnmrshstsdr Z fdmthmd ptZmstl rdsshmf vhsg
mn/bntmsdqoZqs hm bkZrrhbZk mdsvnqjr )fl[0
� oZqshbtkZq jhmc ne ptZmstl oZsg hr nasZhmdc sgqntfg

rtodqonrhshnm ne cheedqdms nqcdqr Zlnmf sgd bnmrshstshmf bnl/
ltmhbZshnm bgZmmdkr: Zr rgnvm hm Ehf0 10 Hm rtbg Z rbdmZqhn:
sgd bZtrZk nqcdq ne sgd bgZmmdkr adbnldr: fdmdqZkkx rodZjhmf:
hmcdzmhsd: kdZchmf sn qZsdr sgZs bZm dwbddc sgd khlhsr ne sgd
rsZmcZqc ptZmstl RgZmmnm@r sgdnqx )12[-)14[0 Sgdqdenqd: hs hr
bqtbhZk sn cdsdqlhmd sgd tkshlZsd bnlltmhbZshnm qZsdr Zbghdu/
Zakd ax Z onhms/sn/onhms ptZmstl bnlltmhbZshnm oqnsnbnk
sgqntfg mnhrx ptZmstl bgZmmdkr: vgdm sgdrd bgZmmdkr Zqd
bnlahmdc hm Z rtodqonrhshnm ne cheedqdms nqcdqr0

A0 QdkYsdc Vnqi

PtZmstl oZsgr: hmbnloZshakd vhsg Zmx cdzmhsd bZtrZk nqcdq
ne bnlltmhbZshnm bgZmmdkr: gZud addm dwodqhldmsZkkx qdZkhydc
sgqntfg Z ptZmstl cduhbd bZkkdc ptYmstl RVHSBF )15[0
Sgdqdhm: sgd bZtrZk nqcdq ne sgd bnlltmhbZshnm bgZmmdkr
hr bnmsqnkkdc ax Z ptZmstl cdfqdd ne eqddcnl: qdoqdrdmsdc
ax Z bnmsqnk ptahs0 RodbhzbZkkx: ltkshokd hlokdldmsZshnmr ne
sgd ptZmstl RVHSBG hm sZakd/sno dwodqhldmsr gZud addm

qdbdmskx oqnonrdc: d0f0: ognsnmhb rdstor dwoknhshmf oZsg )fl2[-
)fl7[ nq onkZqhyZshnm )fl8[: )19[: )16[ ne Z ognsnm Zr sgd bnmsqnk
cdfqdd ne eqddcnl0 Ehf0 2 oqnuhcdr1 Z rbgdlZshb chZfqZl ne
rnld ne sgd dwhrshmf ognsnmhb hlokdldmsZshnmr ne sgd ptZmstl
RVHSBG0
Rtbbdrretk dwodqhldmsZk hlokdldmsZshnmr ne sgd ptZmstl

RVHSBG gZud hlldchZsdkx hmbqdZrdc hmsdqdrs hm hsr onsdmshZk
admdzsr0 Hmcddc: sgd Zcnoshnm ne sgd ptZmstl RVHSBG gZr
addm rgnvm sn oqnuhcd rhfmhzbZms ZcuZmsZfdr enq Z mtladq
ne oqnakdlr hm Z vhcd qZmfd ne zdkcr0 Hm oZqshbtkZq: hs kdZcr
sn Z bnlotsZshnmZk ZcuZmsZfd nudq bZtrZkkx nqcdqdc ptZmstl
bhqbthsr )15[: )18[: )29[: hs Zkknvr enq hloqnudc rsqZsdfhdr enq
ptZmstl ldsqnknfx )2fl[: )21[ Zmc deedbshud chrbqhlhmZshnm ne
tmjmnvm ptZmstl bgZmmdkr )22[: )23[: hs qdctbdr bnlltmh/
bZshnm bnlokdwhsx )24[: )25[: Zmc hs oqnuhcdr sgdqlncxmZlhb
ZcuZmsZfdr )26[-)39[0
Vghkd sgd tkshlZsd bnlltmhbZshnm qZsdr ZbghduZakd vhsg

bkZrrhbZk oZsgr gZud addm cddokx hmudrshfZsdc )3fl[-)32[ enq
Z kZqfd mtladq ne ptZmstl bgZmmdkr: bnlltmhbZshnmr uhZ
ptZmstl oZsgr bnlahmhmf sgd bnlltmhbZshnmr bgZmmdkr hm
Z ptZmstl rtodqonrhshnm ne cheedqdms nqcdqr bZtfgs Zssdmshnm
ne sgd bnlltmhsx qdbdmskx0 Enq dwZlokd: hm )33[: bZoZbhsx ne
dmsZmfkdldms/Zrrhrsdc bnlltmhbZshnm nudq bkZrrhbZk Zmc ptZm/
stl sqZidbsnqhdr tmcdq ptZmstl rtodqcdmrd bnchmf oqnsnbnk
gZr addm Zccqdrrdc0 Hmcddc: dwsdmrhnmr ne ptZmstl RgZmmnm@r
sgdnqx sn dlaqZbd ptZmstl oZsg Zmc ZmZkxrhr ne sgd ZbghduZakd
tkshlZsd qZsdr Zqd btqqdmskx nmd ne sgd gnssdrs qdrdZqbg snohbr
vhsghm sgd bnlltmhbZshnmr cnlZhm )fl[: )1[: )fl4[: )fl8[: )19[:
)12[-)14[: )33[-)35[0 Sgdrd deenqsr rgnv sgZs sgd ptZmstl
RVHSBG oqnuhcdr ZcuZmsZfdr hm bnlltmhbZshnm bZoZbhsx
bnloZqdc vhsg bkZrrhbZk oZsgr enq mnhrx bgZmmdkr0 Lnqdnudq:
sgd ptZmstl RVHSBG bZm dmZakd mnhrdkdrr bnlltmhbZshnmr
uhZ mnhrx bgZmmdkr: dudm he mn hmenqlZshnm bZm ad rdms sgqntfg
dhsgdq ne sgd bnlonmdms bgZmmdkr hmchuhctZkkx )14[: )17[0

1Vd qdedq sgd qdZcdq sn )1[: )17[ enq etqsgdq cdsZhkr0
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Rxlank Cdymhshnm �oodTqTmbd

L &·( � ptZmstl bgZmmdk Rdbshnm HH
�A Ghkadqs roZbd ne Z rxrsdl , Rdbshnm HH
|ψA} Otqd rsZsd ne Z rxrsdl , Rdbshnm HH
ρA Cdmrhsx nodqZsnq ne Z rxrsdl , Rdbshnm HH
I&�A( Sgd rds ne cdmrhsx nodqZsnqr nm sgd Ghkadqs roZbd �A Rdbshnm HH
EA Hcdmshsx bgZmmdk enq Z rxrsdl , Rdbshnm HH
± Sdmrnq oqnctbs Rdbshnm HH
|��} AhoZqshsd lZwhlZkkx dmsZmfkdc rsZsd Rdbshnm HH
ρE Sgd Bgnh lZsqhw ne sgd bgZmmdk L Rdbshnm HH
HZ&ρ.L ( Sgd bngdqdms hmenqlZshnm ne sgd bgZmmdk L vhsg qdrodbs sn sgd hmots rsZsd ρ Rdbshnm HH
Q&ρ( Sgd unm MdtlZmm dmsqnox ne sgd cdmrhsx nodqZsnq ρ Rdbshnm HH
HZ&L ( Sgd bngdqdms hmenqlZshnm ne sgd bgZmmdk L Rdbshnm HH
I&·( Sgd ptZmstl bZoZbhsx ne Z ptZmstl bgZmmdk Rdbshnm HH
Q&ρ||σ( PtZmstl qdkZshud dmsqnox ne Z rsZsd ρ vhsg qdrodbs sn Z rsZsd σ Rdbshnm HH
BA&ρ( PtZmstl dmsqnox ne dmsZmfkdldms ne Z rsZsd ρ Rdbshnm HH
LB&·(&·( NudqZkk bgZmmdk eqnl Z bkZrrhbZk oZsg Rdbshnm HH
ITAB Toodq antmc nm ptZmstl bZoZbhsx ne sgd bkZrrhbZk oZsg Rdbshnm HH
,† BnmitfZsd sqZmronrd ne Zm nodqZsnq , Rdbshnm HHH
|ψZ} Otqd rsZsd ne sgd bnmsqnk ptahs Rdbshnm HHH
ρZ Cdmrhsx nodqZsnq ne sgd bnmsqnk ptahs Rdbshnm HHH
P&·(&·( PtZmstl RVHSBG rtodqlZo qdZkhyhmf Z ptZmstl oZsg Rdbshnm HHH
LPR&·( DpthuZkdms ptZmstl RVHSBG bgZmmdk Rdbshnm HHH
L |∓N
PR &·( Bnlonmdmsr ne LPR vhsg qdrodbs sn ntsbnldr |±} ne ldZrtqdldms ne sgd bnmsqnk ptahs Rdbshnm HHH

Di&·( PtZmstl dqZrtqd bgZmmdk vhsg dqZrtqd oqnaZahkhsx i Rdbshnm HU
|Z} DqZrtqd fiZf ne Z ptZmstl dqZrtqd bgZmmdk Rdbshnm HU
N&·( PtZmstl OZtkh bgZmmdk Rdbshnm U
UN OqnaZahkhsx udbsnq ne Z ptZmstl OZtkh bgZmmdk N Rdbshnm U
E1&S( AhmZqx RgZmmnm dmsqnox ne sgd qZmcnl uZqhZakd S Rdbshnm U
ITAPR Toodq antmc nm ptZmstl bZoZbhsx ne sgd ptZmstl oZsg Rdbshnm U
IKAPR Knvdq antmc nm ptZmstl bZoZbhsx ne sgd ptZmstl oZsg Rdbshnm U
δIPR“B Cheedqdmbd adsvddm sgd knvdq antmc nm ptZmstl bZoZbhsx ne sgd ptZmstl oZsg Zmc sgd toodq

antmc nm ptZmstl bZoZbhsx ne sgd bnqqdronmchmf bkZrrhbZk oZsg
Rdbshnm U

S�AKD H. �cnosdc mnsZshnm Zmc rdbshnm ne sgd lZmtrbqhos vgdqd sgd mnsZshnm hr cdzmdc nq hmsqnctbdc0

Gnvdudq: hm sgd khsdqZstqd: ZmZkxshbZkkx nmkx Z knvdq antmc
enq sgd ptZmstl bZoZbhsx ZbghduZakd sgqntfg sgd ptZmstl
RVHSBG enq rhlokd –ahs/ Zmc ogZrd/fiho( bgZmmdk lncdkr gZr
addm cdqhudc rn eZq0

B0 Ntskhmd Ymc Bnmsqhatshnm

Hm sghr oZodq: vd Zccqdrr sgd bqtbhZk oqnakdl ne drshlZshmf
sgd ptZmstl bZoZbhsx ZbghduZakd nm Z ptZmstl oZsg: h0d0: hm
oqdrdmbd ne sgd ptZmstl RVHSBG0 �fZhmrs sghr aZbjfqntmc:
ntq mnudk bnmsqhatshnmr bZm ad rtllZqhydc Zr enkknvr.

• enq ptZmstl dqZrtqd bgZmmdkr: vd ZmZkxshbZkkx cdqhud sgd
ptZmstl bZoZbhsx ZbghduZakd nm Z ptZmstl oZsg Zmc vd
hcdmshex sgd qdfhnm hm vghbg sgd ptZmstl RVHSBG hmbnm/
sqnudqshakx annrsr sgd Zlntms ne sqZmrlhrrhakd hmenqlZshnm
adxnmc sgd khlhsr ne bnmudmshnmZk ptZmstl RgZmmnm@r
sgdnqx,

• enq ZqahsqZqx OZtkh bgZmmdkr: vd ZmZkxshbZkkx cdqhud ansg
Z knvdq Zmc Zm toodq antmc nm sgd ptZmstl bZoZb/
hsx ZbghduZakd nm Z ptZmstl oZsg: Zmc vd ghfgkhfgs
sgqdd cheedqdms bkZrrdr ne oZhqr ne mnm/hcdmshbZk OZtkh
bgZmmdkr sgZs: vgdm okZbdc hm Z ptZmstl oZsg: Zkknv Z
gdqZkcdc mnhrdkdrr ptZmstl sqZmrlhrrhnm, Zkrn enq sgdrd
sgqdd bkZrrdr ne OZtkh bgZmmdkr: vd hcdmshex sgd qdfhnm hm
vghbg sgd ptZmstl RVHSBG ntsodqenqlr sgd khlhsr ne
bnmudmshnmZk ptZmstl RgZmmnm@r sgdnqx:

• enq Z oZhq ne ahs/ Zmc ogZrd/fiho bgZmmdkr: vd cdqhud Z
shfgsdq knvdq antmc sgZm sgd nmd cdqhudc hm )13[: Zmc vd

cdqhud: enq sgd zqrs shld sn sgd adrs ne ntq jmnvkdcfd:
Z bknrdc/enql dwoqdrrhnm enq sgd toodq antmc cdodmchmf
nm Z bnlotsZakd rhmfkd/kdssdq ptZmshsx0

Sgd sgdnqdshbZk ZmZkxrhr qdudZkr sgZs sgd Zcnoshnm ne sgd
ptZmstl RVHSBG needqr Z rtarsZmshZk ZcuZmsZfd hm sdqlr
ne tkshlZsd ZbghduZakd qZsd vhsg qdrodbs sn Zmx bkZrrhbZk oZsg
bnlahmhmf sgd bgZmmdkr hm Z vdkk/cdzmdc bZtrZk nqcdq0
Sgd qdrs ne sgd oZodq hr nqfZmhydc Zr enkknvr0 Hm Rdb0 HH

vd oqnuhcd rnld oqdkhlhmZqhdr Zants sgd ptZmstl bZoZbhsx
Zmc sgd ptZmstl RVHSBG: Zmc drsZakhrg Zm toodq antmc nm
ptZmstl bZoZbhsx ne sgd bkZrrhbZk oZsg0 Sgdm: hm Rdb0 HHH vd
cdqhud sgd toodq/ Zmc sgd knvdq antmc nm sgd ptZmstl bZoZbhsx
hm oqdrdmbd ne sgd ptZmstl RVHSBG0 Hm Rdb0 HU: vd bnmrhcdq
ptZmstl dqZrtqd bgZmmdkr Zmc vd ptZmshex sgd ZcuZmsZfd ne
sgd ptZmstl oZsg nudq bkZrrhbZk nmd0 Hm Rdb0 U vd enbtr nm
OZtkh bgZmmdkr Zmc vd ptZmshex: hm sdqlr ne ZbghduZakd qZsdr:
sgd ZcuZmsZfd ne Zcnoshmf sgd ptZmstl RVHSBG nudq bkZrrhbZk
oZsgr0 EhmZkkx hm Rdb0 UH: vd bnmbktcd sgd oZodq0 Hm SZakd H:
vd rtllZqhyd sgd mnsZshnm trdc hm sghr oZodq0

HH0 OQDKHLHM�QHDR

�0 PtYmstl BYoYbhsx

� etmcZldmsZk oqnodqsx ne Z bnlltmhbZshnm bgZmmdk hr
hsr bYoYbhsx: vghbg drsZakhrgdr sgd lZwhlZk qZsd ne hmenq/
lZshnm sgZs hs bZm sqZmredq tmcdq ZooqnoqhZsdkx bgnrdm dm/
bnchmf“cdbnchmf nodqZshnmr0 Enq Z ptZmstl bgZmmdk: cheedqdms
mnshnmr ne bZoZbhsx bZm ad hmsqnctbdc cdodmchmf nm sgd mZstqd
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ne hmenqlZshnm sn ad sqZmredqqdc adsvddm sgd bnlltmhbZshnm
oZqshdr: h0d0: ptZmstl nq bkZrrhbZk )7[: )13[: )3fl[: )36[-)38[20
Hm sgd enkknvhmf: vd qdrsqhbs ntq Zssdmshnm sn sgd sqZmrlhrrhnm

ne ptZmstl hmenqlZshnm: Zmc: sgtr: vd Zcnos sgd cdzmhshnm ne
ptZmstl bZoZbhsx P(L ( ne Z mnhrx ptZmstl bgZmmdk L Zr
hm )13[: )36[-)38[0 RodbhzbZkkx: sgd ptZmstl bZoZbhsx P(L (
hr cdzmdc Zr sgd mtladq ne ptahsr sqZmrlhssdc odq bgZmmdk
trd hm sgd khlhs ne ZrxlosnshbZkkx lZmx trdr )13[: Zmc hs
bnhmbhcdr vhsg sgd dmsZmfkdldms/fdmdqZshmf bZoZbhsx Zr oqnudc
hm )37[0 Hm nqcdq sn cdzmd enqlZkkx sgd ptZmstl bZoZbhsx
P(L (: vd oqnuhcd sgd mdbdrrZqx mnshnmr rsdo ax rsdo: rsZqshmf
vhsg sgd enqlZk cdzmhshnm ne Z ptYmstl bgYmmdk Zmc dmchmf
vhsg bngdqdms hmenqlYshnm0

Cdymhshnm fi –PtZmstl bgZmmdk(0 Kds tr cdmnsd vhsg > Zmc
A sgd hmots Zmc ntsots ptZmstl rxrsdlr ne Z ptZmstl
bnlltmhbZshnm bgZmmdk L : vghbg hr cdrbqhadc lZsgdlZshbZkkx
ax sgd bnlokdsdkx/onrhshud khmdZq lZo )49[.

L 8 I(�/(→ I(�A(. –fl(

vhsg I(�/( Zmc I(�A( Zqd rdsr ne cdmrhsx nodqZsnqr nudq
sgd Ghkadqs roZbdr �/ Zmc �A ne sgd bnlltmhbZshnm oZqshdr
> Zmc A: qdrodbshudkx0 Vgdm bgZmmdk L hr Zookhdc sn sgd
ZqahsqZqx hmots cdmrhsx rsZsd ρ/ ∈ I(�/(: sgd ntsots L (ρ/(
hr Z cdmrhsx rsZsd ρA adknmfhmf sn I(�A(.

ρA : L (ρ/( ∈ I(�A(. –1(

Hs hr nesdm bnmudmhdms sn hmsqnctbd Zm ZcchshnmZk –qdedqdmbd(
rxrsdl I Zmc bnmrhcdq > Zr Z oZqs ne Z kZqfdq rxrsdl I>
cdrbqhadc ax Zm dwsdmcdc Ghkadqs roZbd �B/ : �B ⊗�/0
Sghr Zkknvr sn bnmrhcdq ρ/ Zr Z qdctbdc rsZsd ne Z otqd rsZsd
|ψB/⟩ ∈ �B/ ne sgd kZqfdq rxrsdl )4fl[0 Sghr hr jmnvm Zr
otqhzbZshnm ne ρ/ Zmc kdZcr sn sgd enkknvhmf enqlZk cdzmhshnm0

Cdymhshnm 1 –OtqhzbZshnm(0 � otqd rsZsd |ψB/⟩ hr Z otqhzbY/
shnm ne Z rsZsd ρ/ he.

ρ/ : SqB

|ψB/⟩ }ψB/|


. –2(

enq Z bdqsZhm qdedqdmbd rxrsdl I: vhsg SqBW·[ cdmnshmf sgd
oZqshZk sqZbd nodqZsnq vhsg qdrodbs sn �B0

Hm sdqlr ne bgZmmdk L deedbsr - ax hmsqnctbhmf sgd otqhz/
bZshnm ne sgd rsZsd ρ/ - vd bZm rsZsd sgZs sgd inhms rxrsdl I>
dunkudr Zbbnqchmf sn sgd ”dwsdmcdc‘ rtodq/nodqZsnq (EB⊗L (:
vgdqd EB hr Zm hcdmshsx bgZmmdk enq sgd qdedqdmbd rxrsdl I
)4fl[: ax oqnctbhmf sgd ntsots rsZsd ρBA .

ρBA : (EB ⊗L ((ρB/(. –3(

Cdymhshnm 2 –Bgnh lZsqhw(0 Vgdm sgd Ghkadqs roZbd �B ne
sgd qdedqdmbd rxrsdl I gZr sgd rZld chldmrhnm Z Zr �/:
Zmc sgd rsZsd |ψB/⟩ ne sgd inhms rxrsdl I> hr Z ahoZqshsd
lZwhlZkkx dmsZmfkdc3 - h0d0: |ψB/⟩ : |Φ+⟩ △

: 0|
c


d |e⟩⊗|e⟩

2Vd qdedq sgd qdZcdq sn )fl[ enq Z bnmbhrd hmsqnctbshnm sn sgd cheedqdms mnshnmr
ne ptZmstl bgZmmdk bZoZbhshdr0
3Vd nardqud sgZs trtZkkx sgd Bgnh lZsqhw hr cdzmdc trhmf Zm tmmnqlZkhydc

dmsZmfkdc rsZsd

d |e}± |e}0 Hm sghr oZodq vd Zcnosdc Z mnqlZkhydc dmsZmfkdc

rsZsd 0|
c


d |e} ± |e} enq sgd rZjd ne rhlokhbhsx: rn sgZs sgd bnqqdronmchmf

Bgnh lZsqhw bZm ad qdfZqcdc Zr Z mnqlZkhydc ptZmstl rsZsd0

- sgd ntsots rsZsd ρBA hr jmnvm Zr sgd Bgnh lYsqhw ρE ne sgd
bgZmmdk L )41[.

ρE
△
: ρBA |ρB�4ρ�+: (EB ⊗L ((ρ�+(. –4(

vhsg ρ�+
△
: |Φ+⟩ }Φ+|0

Cdymhshnm 3 –Bgnh/rsqdsbgZakd bgZmmdk(0 � ptZmstl bgZmmdk
L hr bZkkdc Bgnh/rsqdsbgZakd he hsr Zbshnm bZm ad qdoqnctbdc
ax knbZk nodqZshnr Zmc bkZrrhbZk bnlltmhbZshnmr –KNBB( S (·(
nudq hsr Bgnh lZsqhw ρE )31[: h0d0.

L (ρ( : S (ρ⊗ ρE (. –5(

OZqZchflZshb dwZlokdr ne Bgnh/rsqdsbgZakd bgZmmdkr Zqd dqZ/
rtqd Zmc OZtkh bgZmmdkr )31[: vghbg Zqd ZmZkxydc hm Rdbshnm HU
Zmc Rdbshnm U: qdrodbshudkx0

Cdymhshnm 4 –Bngdqdms HmenqlZshnm(0 Sgd bngdqdms hmenqlZ/
shnm4 HZ(ρ.L ( ne sgd bgZmmdk L vhsg qdrodbs sn sgd ZqahsqZqx
hmots rsZsd ρ hr cdzmdc Zr )37[: )38[: )4fl[.

HZ(ρ.L ( : R(ρA(� R(ρBA(. –6(

vgdqd ρA Zmc ρBA Zqd cdzmdc hm –1( Zmc –3(: qdrodbshudkx:
Zmc R(σ(

△
: �SqWσ inf1 σ[ cdmnsdr sgd unm MdtlYmm dmsqnox

ne sgd bnmrhcdqdc rxrsdl rsZsd σ0

Hmsthshudkx: sgd bngdqdms hmenqlZshnm HZ(ρ.L ( Zhlr Zs cd/
rbqhahmf - ax rtasqZbshmf sgd unm MdtlZmm dmsqnox dwbgYmfd
R(ρBA( adsvddm sgd hmots rsZsd Zmc sgd bgZmmdk eqnl sgd unm
MdtlZmm dmsqnox ne sgd ntsots rsZsd R(ρA( - sgd Zlntms ne
ptZmstl hmenqlZshnm oqdrdqudc Zesdq sgd rsZsd ρ fndr sgqntfg
sgd bgZmmdk L 0 Rsdllhmf eqnl –6(: vd bZm mnv cdzmd sgd
bngdqdms hmenqlZshnm ne sgd bgZmmdk L )13[: )37[: )38[: )4fl[:
)42[0

Cdymhshnm 5 –BgZmmdk Bngdqdms HmenqlZshnm(0 Sgd bngdqdms
hmenqlZshnm HZ(L ( ne sgd bgZmmdk L hr cdzmdc Zr.

HZ(L ( : l]r
|ψNB�

HZ(ρ.L (. –7(

vgdqd sgd lZwhltl hr sZjdm vhsg qdrodbs sn Zkk otqd ahoZqshsd
rsZsdr |ψ⟩B/ sgZs Zqd otqhzbZshnm ne sgd hmots rsZsd ρ0
Sgd bgZmmdk bngdqdms hmenqlZshnm - nesdm qdedqqdc sn Zr nmd/

rgns bZoZbhsx - okZxr Z bqtbhZk qnkd hm sgd cdzmhshnm ne sgd
ptZmstl bZoZbhsx )37[: )38[: )4fl[: ZmZknfntr sn sgd qnkd okZxdc
ax sgd –bkZrrhbZk( ltstZk hmenqlZshnm hm bkZrrhbZk hmenqlZshnm
sgdnqx0 Gnvdudq: sgd bngdqdms hmenqlZshnm dwghahsr rnld mZrsx
oqnodqshdr0 Hm eZbs: sgd bngdqdms hmenqlZshnm bZm ad mdfZshud
Zmc: hm fdmdqZk: hs hr mns Zcchshud0 Gdmbd: cheedqdmskx eqnl
bkZrrhbZk RgZmmnm@r sgdnqx: sgd ptZmstl bZoZbhsx bZmmns ad
cdsdqlhmdc ax rhlokx duZktZshmf sgd nmd/rgns bZoZbhsx5: ats
hs fdmdqZkkx qdpthqdr sgd Zrxlosnshb enqltkZshnm fhudm adknv:
vghbg gnkcr hm sgd qdfhnm vgdqd sgd bngdqdms hmenqlZshnm hr
mnm/mdfZshud )37[: )38[: )4fl[: )42[0

4Sgd bngdqdms hmenqlZshnm hr nesdm Zkrn cdmnsdc vhsg sgd rxlank
HZ&,}A(ρBA )7[0
5Dwbdoshnm hr bnmrshstsdc ax sgd bkZrr ne cdfqZcZakd bgZmmdkr: vgnrd

ptZmstl bZoZbhsx hr dwZbskx dptZk sn sgd bngdqdms hmenqlZshnm: h0d0: sn sgd
nmd/rgns bZoZbhsx0 Vd qdedq sgd qdZcdq sn )43[ enq Z sdbgmhbZk Zmc ghrsnqhbZk
rtqudx Zants ptZmstl bZoZbhsx enqltkZshnm0
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Cdymhshnm 6 –PtZmstl BgZmmdk BZoZbhsx(0 Sgd ptZmstl
bgZmmdk bZoZbhsx hr fhudm ax.

P(L ( : igl
j•+∞

0

m
HZ(L⊗j(. –8(

vgdqd HZ(L ( hr cdzmdc hm –7( Zmc L⊗j cdmnsdr m trdr ne
bgZmmdk L 0
Eqnl Cdzmhshnm 6: hs hr duhcdms sgZs sgd duZktZshnm ne sgd

ptZmstl bZoZbhsx hr mns Z sqhuhZk sZrj0 Hm eZbs: sgd dwoqdrrhnm
–8( qdpthqdr sn lZwhlhyd sgd bngdqdms hmenqlZshnm nudq Zm
tmantmcdc mtladq ne bgZmmdk trdr0 Mdudqsgdkdrr: hm fdmdqZk:
HZ(L ( bnmrshstsdr Z knvdq antmc enq sgd ptZmstl bZoZbhsx: Zmc
vd vhkk dwoknhs sghr oqnodqsx hm Rdb0 HHH sn cdqhud sgd bZoZbhsx
qdfhnm ne Z ptZmstl oZsg hlokdldmsdc uhZ sgd ptZmstl
RVHSBG0
Adenqd sn oqnbddc etqsgdq: vd oqnuhcd svn lnqd cdzmhshnmr

sgZs vd vhkk trd sn drshlZsd sgd ptZmstl bZoZbhsx ne Z
bnlltmhbZshnm bgZmmdk0

Cdymhshnm 7 –PtZmstl QdkZshud Dmsqnox(0 PtZmstl qdkZshud
dmsqnox ne Z rsZsd ρ vhsg qdrodbs sn sgd rsZsd σ hr cdzmdc Zr
)7[.

R(ρ||σ( △
: Sq Wρ (inf1 ρ� inf1 σ([ . –fl9(

Cdymhshnm 8 –QdkZshud Dmsqnox ne DmsZmfkdldms(0 QdkZshud
dmsqnox ne dmsZmfkdldms ne Z rsZsd ρ hr cdzmdc Zr hsr lhmhlZk
ptZmstl qdkZshud dmsqnox vhsg qdrodbs sn Z rdoZqZakd rsZsd )7[.

DB(ρ(
△
: gmc

σR
R(ρ||σq(. –flfl(

vgdqd σq hr Zm ZqahsqZqx rdoZqZakd rsZsd0

A0 PtYmstl BYoYbhsx sgqntfg BkYrrhbYk oYsgr

Hm nqcdq sn ghfgkhfgs sgd admdzsr ne dwoknhshmf ptZmstl
oZsgr enq bnlltmhbZshmf: vd ptdrshnm zqrskx sgd adrs odqenq/
lZmbd ne ptZmstl mnhrx bgZmmdkr okZbdc hmsn Z bkZrrhbZk oZsg0
RodbhzbZkkx: vd bnmrhcdq sgd enkknvhmf bnlltmhbZshnm lncdk.
Z ptZmstl ldrrZfd sn ad sqZmrlhssdc Zs sgd cdrshmZshnm sgqntfg
Z bgZmmdk LB sgZs hr Z bZrbZcd ne mnhrx ptZmstl bgZmmdkr –enq
dwZlokd: bnqqdronmchmf sn vhqdr ne cheedqdms ptZkhsx(0 Enq sgd
rZjd ne rhlokhbhsx: vd Zrrtld sgZs sgd bZrbZcd bnmrhrsr ne
svn ptZmstl bgZmmdkr: cdmnsdc vhsg D Zmc D : qdrodbshudkx0
Hm rtbg Z bZrbZcd: Zr rgnvm hm Ehf0 fl: svn onrrhakd ZksdqmZshud
bnmzftqZshnmr bZm ad qdZkhydc.
/ bgZmmdk D hr sqZudqrdc Zesdq bgZmmdk D: fhuhmf qhrd sn sgd
bkZrrhbZk oZsg D → D ,

/ nq uhbd udqrZ: fhuhmf qhrd sn sgd bkZrrhbZk oZsg D → D0
Rhmbd LB(D. D( drsZakhrgdr Z bkZrrhbZk oZsg: hs bZm dhsgdq Z/
oqhnqh qdZkhyd nmd ne sgd ldmshnmdc bnmzftqZshnmr nq bgnnrd
adsvddm sgdl qZmcnlkx0 Dhsgdq vZx: vgdm sgd svn bgZmmdkr
Zqd sqZudqrdc hm Z vdkk/cdzmdc nqcdq: sgd ansskdmdbj hmdptZkhsx
gnkcr0 Sghr ldZmr sgZs sgd nudqZkk ptZmstl bZoZbhsx P(LB(
ZrrnbhZsdc vhsg sgd bnmrhcdqdc bkZrrhbZk oZsg hr rlZkkdq sgZm
sgd lhmhltl adsvddm sgd hmchuhctZk bZoZbhshdr P(D( Zmc
P(D( )7[: )13[: )17[0 Sghr drsZakhrgdr sgd toodq antmc nm sgd
ptZmstl bZoZbhsx ZbghduZakd nm Z bkZrrhbZk oZsg.

P(LB( ≤ lgmTP(D(.P(D({. –fl1(

CNTHU=ICMS NT=MSTL QVHSAE AE=MMCI

ρ

NT�MSTI QUHSAC

L=Q(ρ(

ρZ : |)〉})|

Ehf0 3. DpthuZkdms bgZmmdk lncdk ne Z ptZmstl oZsg hlokd/
ldmsdc ax tshkhyhmf sgd ptZmstl RVHSBG: lZoohmf sgd hmots
cdmrhsx lZsqhw ρ hmsn sgd ntsots cdmrhsx lZsqhw LPR(ρ(0 Sgd
bnmsqnk ptahs |φZ⟩ hr hmhshZkhydc sn |)⟩: Zmc sgd dwoqdrrhnm ne
LPR(ρ( cdodmcr nm sgd ldZrtqdldms ntsbnld ne sgd bnmsqnk
ptahs Zs sgd ntsots ne sgd ptZmstl RVHSBG0

HHH0 PT�MSTL O�SGR UH� PT�MSTL RVHSBG
Kds tr Zrrtld: vhsgnts knrr ne fdmdqZkhsx: sgd ldrrZfd adhmf

Z ptahs |φ⟩ ∈ �/ –vgdqd �/ cdmnsdr sgd ZrrnbhZsdc Ghkadqs
roZbd( vhsg cdmrhsx lZsqhw ρ

△
: |φ⟩ }φ|0 �r ldmshnmdc hm

Rdbshnm H: sgd ptZmstl RVHSBG hr Z cduhbd sgZs hlokdldmsr
Z ptZmstl oZsg ax Zkknvhmf Z ptZmstl hmenqlZshnm bZqqhdq - Z
ptahs |φ⟩ - sn dwodqhdmbd Z rds ne dunktshnmr hm Z rtodqonrhshnm
ne ZksdqmZshud nqcdqr )12[: )13[: )17[0 Hm sgd ptZmstl RVHSBG:
sgd bZtrZk nqcdq adsvddm sgd bgZmmdkr hr cdsdqlhmdc ax Z
ptZmstl cdfqdd ne eqddcnl: qdoqdrdmsdc ax sgd bnmsqnk ptahs
|φZ⟩0
RodbhzbZkkx: he sgd bnmsqnk ptahs hr hmhshZkhydc sn sgd aZrhr

rsZsd |φZ⟩ : |+⟩: sgd ptZmstl RVHSBG dmZakdr sgd ldrrZfd
|φ⟩ sn oqnoZfZsd sgqntfg sgd bkZrrhbZk oZsg D → D : qdoqdrdms/
hmf bgZmmdk D adhmf sqZudqrdc Zesdq bgZmmdk D0 RhlhkZqkx: he sgd
bnmsqnk ptahs hr hmhshZkhydc sn sgd nsgdq aZrhr rsZsd |φZ⟩ : |0⟩:
sgd ptZmstl RVHSBG dmZakdr sgd ldrrZfd |φ⟩ sn oqnoZfZsd
sgqntfg sgd ZksdqmZshud bkZrrhbZk oZsg D → D: qdoqdrdmshmf
bgZmmdk D adhmf sqZudqrdc adenqd bgZmmdk D0
Cheedqdmskx: he sgd bnmsqnk ptahs hr hmhshZkhydc sn Z rsZsd

cheedqdms eqnl |+⟩ nq |0⟩ –gdmbd: sn Z bdqsZhm rtodqonrhshnm
ne sgdl(: sgd ldrrZfd |φ⟩ oqnoZfZsdr sgqntfg Z ptZmstl
oZsg0 Enq dwZlokd: enq |φZ⟩ : |·⟩ ≡ |+N±|0N|

1
: sgd ldrrZfd

dwodqhdmbdr Zm dptZkkx aZkZmbdc rtodqonrhshnm ne sgd svn
ZksdqmZshud dunktshnmr D → D Zmc D → D Zr rgnvm hm Ehf0 10
Sgd bgZmmdk okZbdldms dmZakdc ax sgd ptZmstl RVHSBG hr
fdmthmdkx ptZmstl Zmc: Zr rgnvm hm sgd enkknvhmf: oqnuhcdr
Z mnm/sqhuhZk qdrntqbd enq sgd bgZmmdk bZoZbhsx ZbshuZshnm sgZs
bZmmns ad qdoqnctbdc sgqntfg Z bkZrrhbZk bgZmmdk okZbdldms60
Sgd adgZuhnq ne sgd ptZmstl RVHSBG bZm ad lZsgdlZsh/

bZkkx cdrbqhadc ax Z ghfgdq/nqcdq nodqZshnm –rtodqlZo( sgZs
rdmcr ptZmstl bgZmmdkr sn Z ptZmstl bgZmmdk sgZs hr mns
mdbdrrZqhkx bnloZshakd vhsg Zmx vdkk/cdzmdc nqcdq ne sgdhq
nbbtqqdmbd )1[: )13[: )17[0 Hm oZqshbtkZq: enq svn hmots ptZmstl
bgZmmdkr D Zmc D : sgd ntsots ptZmstl bgZmmdk hr cdzmdc Zr.

Q(D. D . ρZ((ρ( :


d,i

Sdi(ρ⊗ ρZ(S
†
di . –fl2(

6Hs hr hlonqsZms sn ghfgkhfgs sgZs: hm sgd cdrbqhadc bkZrrhbZk Zmc ptZmstl
okZbdldmsr ne bgZmmdkr: ansg bgZmmdkr D Zmc D Zqd trdc hm Z bdqsZhm
bnlahmZshnm0 Sghr rgntkc mns ad bnmetrdc vhsg rdsshmfr tshkhydc enq bkZrrhbZk
bZoZbhsx ZbshuZshnm vgdqd nmkx nmd ne sgd bgZmmdkr hr trdc Zs shld Zmc Z
mnm/ydqn bZoZbhsx ne sgd dpthuZkdms bgZmmdk hr Zbghdudc ax dmbnchmf sgd
hmenqlZshnm hm vgdsgdq nmd nq sgd nsgdq bgZmmdk gZr addm trdc )44[0
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vgdqd ρ
△
: |φ⟩ }φ| Zmc ρZ

△
: |φZ⟩ }φZ|: Zmc vgdqd TSdi{

cdmnsdr sgd rds ne JqZtr nodqZsnqr ZrrnbhZsdc vhsg sgd ptZmstl
oZsg: fhudm ax )1[: )13[.

Sdi : DiBd ⊗ |+⟩ }+|Z )BdDi ⊗ |0⟩ }0|Z . –fl3(

Hm –fl3(: TBd{ Zmc TDi{ Zqd sgd JqZtr nodqZsnqr ne sgd bgZmmdkr
D Zmc D : qdrodbshudkx0
Vgdm sgd bnmsqnk ptahs hr hmhshZkhydc hm sgd rsZsd |φZ⟩ : |)⟩:

sgd ptZmstl RVHSBG lZor sgd bgZmmdkr D Zmc D sn sgd
bgZmmdk fhudm ax )14[.

Q(D. D . |)⟩ })|((ρ( :
: n�L |�N

PR (ρ(⊗ |�⟩ }�|) n+L |+N
PR (ρ(⊗ |)⟩ })|

) χ(ρ(⊗ |�⟩ })|) χ†(ρ(⊗ |)⟩ }�| . –fl4(

vgdqd

L |±N
PR (ρ( :

0

3n±



d,i

WBd. Di [±ρWBd. Di [
†
±. –fl5(

n± :
0

3
So



d,i

WBd. Di [±ρWBd. Di [
†
±


. –fl6(

vhsg WBd. Di [±
△
: BdDi±DiBi cdmnshmf sgd bnlltsZsnq –�(

nq Zmsh/bnlltsZsnq –)( ne7 Bd Zmc Di : Zmc

χ(ρ( :
0

3
WBd. Di [�ρWBd. Di [

†
+. –fl7(

Odqenqlhmf Z ldZrtqdldms ne sgd bnmsqnk ptahs hm sgd
GZcZlZqc aZrhr: nmd nasZhmr Z lhwstqd ne sgd rsZsdr L |±N

PR (ρ(
vhsg sgd bnqqdronmchmf oqnaZahkhshdr n±0 Hm sghr vZx: hs hr
bnmudmhdms sn hmsqnctbd sgd dpthuYkdms bgYmmdk lncdk ne Z
ptZmstl oZsg hlokdldmsdc ax tshkhyhmf sgd ptZmstl RVHSBG:
Zr cdohbsdc hm Ehf0 30 Sgd hmots Zmc sgd ntsots ne sghr dpthuZ/
kdms bgZmmdk Zqd: qdrodbshudkx: sgd nqhfhmZk ptZmstl rsZsd ρ Zmc
LPR(ρ(: cdmnshmf8 sgd ptZmstl rsZsd Zesdq sgd ldZrtqdldms
oqnbdrr nm sgd bnmsqnk ptahs Zs sgd ntsots ne sgd ptZmstl
RVHSBG0
Hmcddc: rhmbd sgd ldZrtqdldms oqnbdrr hr bgZqZbsdqhydc ax

svn chrshmbs ntsbnldr: |�⟩ Zmc |)⟩ nbbtqqhmf vhsg oqnaZahkhsx
n� Zmc n+: Zmc hm khfgs ne sgd Zenqdldmshnmdc dpthuZkdms
bgZmmdk lncdk: vd bZm ZrrnbhZsd L |+N

PR (ρ( vhsg sgd bgZmmdk
ntsots vgdm sgd ldZrtqdldms oqnbdrr nm sgd bnmsqnk ptahs
|φZ⟩ qdstqmr |)⟩0 Bnmudqrdkx: vd ZrrnbhZsd L |�N

PR (ρ( vhsg sgd
bgZmmdk ntsots vgdm sgd ldZrtqdldms oqnbdrr nm sgd bnmsqnk
ptahs |φZ⟩ qdstqmr |�⟩0 Ax Zbbntmshmf enq sghr dpthuZkdms
lncdk: hs hr onrrhakd sn vqhsd sgd hmots/ntsots qdkZshnmrgho enq
sgd dpthuZkdms bgZmmdk LPR(·( Zr.

LPR(ρ( :

L |�N
PR (ρ( vhsg oqna0 n�.

L |+N
PR (ρ( vhsg oqna0 n+.

–fl8(

Sgdqdenqd: sgd ptZmstl bZoZbhsx ne sgd dpthuZkdms ptZmstl
RVHSBG hr Zm ZudqZfd ptZmstl bZoZbhsx nudq sgd bgZmmdkr

7Vd nardqud sgZs trtZkkx sgd Zmsh/bnlltsZsnq ne , Zmc A hr cdmnsdc vhsg
sgd rxlank S,.A{0 Hm sghr oZodq vd Zcnosdc Z cheedqdms mnsZshnm enq sgd rZjd
ne bnmbhrdmdrr: ax Zunhchmf sn rodbhZkhyd dptZshnmr –fl5( Zmc –fl6( svhbd0
8Vd nlhs sgd cdodmcdmbd ne LPR&·( nm D Zmc D enq sgd rZjd ne mnsZshnm

rhlokhbhsx0

gdqZkcdc vhsg ldZrtqdldms ntsbnldr |�⟩ Zmc |)⟩: qdrodb/
shudkx.

P(LPR( : n�P(L |�N
PR ( ) n+P(L |+N

PR (. –19(

Sghr Zkknvr nmd sn drshlZsd sgd knvdq antmc ne ptZmstl
bZoZbhsx ne Z ptZmstl oZsg hlokdldmsdc uhZ sgd ptZmstl
RVHSBG vgdm hs bZmmns ad bZkbtkZsdc dwokhbhskx: Zr rsZsdc
vhsg sgd enkknvhmf oqnonrhshnm0

Oqnonrhshnm fi0 Sgd ptYmstl bYoYbhsx P(LPR( ne sgd dpthu/
Ykdms ptYmstl RVHSBF bgYmmdk LPR(·( hr knvdq/antmcdc Yr
enkknvr.

P(LPR( ≥ l]rT+. n�HZ(L |�N
PR ({

) l]rT+. n+HZ(L |+N
PR ({. –1fl(

Oqnne. Rdd �oodmchw �

Nm sgd nsgdq gZmc: sgd dpthuZkdms ptZmstl RVHSBG bgZm/
mdk –fl8( bZm ad qdoqdrdmsdc ax hsr Bgnh lZsqhw ρEPR sgZs hr
fhudm ax.

ρEPR :





ρE |�⟩

PR
vhsg oqna0 n�.

ρE |+⟩
PR

vhsg oqna0 n+.
–11(

vgdqd ρE |±⟩
PR

cdmnsdr sgd Bgnh lZsqhw ne sgd bnlonmdmsr

L |±N
PR (·( ne sgd dpthuZkdms ptZmstl RVHSBG bgZmmdk –fl8(

vgdm sgd ldZrtqdldms ntsbnldr Zqd |�⟩ Zmc |)⟩: qdrodbshudkx0
He L |±N

PR (·( Zqd Bgnh/rsqdsbgZakd: sgdhq qdoqdrdmsZshnm sgqntfg
Bgnh lZsqhbdr ρE |±⟩

PR
Zkknvr nmd sn drshlZsd sgd toodq antmc

ne ptZmstl bZoZbhsx ne Z ptZmstl oZsg hlokdldmsdc uhZ sgd
ptZmstl RVHSBG: Zr rsZsdc vhsg sgd enkknvhmf oqnonrhshnm0

Oqnonrhshnm 10 He ansg L |±N
PR Yqd Bgnh/rsqdsbgYakd: sgd ptYm/

stl bYoYbhsx P(LPR( ne sgd dpthuYkdms ptYmstl RVHSBF
bgYmmdk LPR(·( hr toodq/antmcdc Yr enkknvr.

P(LPR( ≤ n�DB(ρE |�⟩
PR
( ) n+DB(ρE |+⟩

PR
(. –12(

Oqnne. Rdd �oodmchw A

HU0 DQ�RTQD BG�MMDKR
Vd rsZqs ax bnmrhcdqhmf ptZmstl dqZrtqd bgZmmdkr: vghbg

qdoqdrdms nmd ne sgd rhlokdrs xds trdetk lncdkr ne mnhrx
ptZmstl bnlltmhbZshnm0 Nm sgd nmd gZmc: hs hr nmd ne Z
edv bnlltmhbZshnm bgZmmdkr vgnrd ptZmstl bZoZbhsx bZm
ad bnlotsdc dwZbskx )3fl[0 Nm sgd nsgdq gZmc: hs bZostqdr
dqZrtqd dqqnqr vghbg bZmmns ad lncdkkdc ax OZtkh bgZmmdkr
bnmrhcdqdc hm Rdbshnm U: mZldkx: knrr ne hmenqlZshnm bZqqhdq
nq hmenqlZshnm kdZjZfd sn nsgdq rsZsdr )45[0 �s Z oqZbshbZk kdudk:
ptZmstl dqZrtqd bgZmmdk lncdk hr vhcdkx Zcnosdc hm ptZmstl
rZsdkkhsd bnlltmhbZshnmr )46[: )47[0
SdbgmhbZkkx: Z ptZmstl dqZrtqd bgZmmdk Dn dhsgdq sqZmrlhsr

sgd hmots ptahs ρ ∈ I(�/( eZhsgetkkx nq hs qdokZbdr hs vhsg Z
oqnaZahkhsx n ax sgd dqZrtqd fiZf |d⟩: sgZs hr nqsgnfnmZk sn �/.

Dn(ρ( : (0� n(ρ) n |d⟩ }d| . –13(

Sgd ptZmstl bZoZbhsx ne Dn hr mnm/ydqn enq Zmx + ≤ n , 0
1 :

Zmc hs hr fhudm ax )3fl[.

P(Dn( : l]rT+. 0� 1n{. –14(
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Ehf0 4. Sgqdd/chldmrhnmZk okns ne sgd ptZmstl bZoZbhsx ne
bkZrrhbZk –aktd rtqeZbd( Zmc ptZmstl –nqZmfd rtqeZbd( oZsgr
Zr Z etmbshnm ne sgd dqqnq oqnaZahkhshdr n Zmc p ne sgd ptZmstl
dqZrtqd bgZmmdkr D : Dn Zmc D : Dp 0

Ehf0 5. Cdmrhsx okns ne sgd cheedqdmbd adsvddm sgd ptZmstl
RVHSBG bZoZbhsx Zmc sgd bkZrrhbZk oZsg bZoZbhsx Zr Z etmbshnm
ne sgd dqqnq oqnaZahkhshdr n Zmc p ne sgd ptZmstl dqZrtqd
bgZmmdkr D : Dn Zmc D : Dp 0 Sgd qZshnmZkd enq sgd mtkk
cheedqdmbd hm sgd toodq qhfgs oZqs ne sgd fqZog adbnldr duhcdms
ax mnshmf hm Ehf0 4 sgZs ansg sgd bZoZbhshdr eZkk sn ydqn hm sgd
bnmrhcdqdc qdfhnm0

�0 BkYrrhbYk oYsg
Mnv vd enbtr nm Z bZrbZcd ne svn ptZmstl dqZrtqd

bgZmmdkr D : Dn Zmc D : Dp bgZqZbsdqhydc ax mns mdbdrrZqhkx
dptZk dqZrtqd oqnaZahkhshdr n Zmc p: qdrodbshudkx0 �mx bkZrrhbZk
oZsg sgqntfg sgdrd svn bgZmmdkr drsZakhrgdr sgd rZld nudqZkk
bgZmmdk fhudm ax.

LB(Dn. Dp((ρ( : (0� n((0� p(ρ) (n) p� np( |d⟩ }d| . –15(
vghbg: hm stqm: cdmnsdr Z ptZmstl dqZrtqd bgZmmdk vhsg –hm/
bqdZrdc( dqZrtqd oqnaZahkhsx n)p�np0 Sgdqdenqd: hsr ptZmstl
bZoZbhsx hr fhudm ax.

P(LB( : l]rT+. 0� 1(n) p � np({. –16(

A0 PtYmstl oYsg
Vgdm sgd ZookhbZshnm ne ptZmstl dqZrtqd bgZmmdkr hr bnm/

sqnkkdc uhZ sgd ptZmstl RVHSBG: sgd enkknvhmf dpthuZkdms
bgZmmdk Zqhrdr.

Q(Dn. Dp. |)⟩ })|((ρ( :
np

1
|d⟩ }d| ⊗ |�⟩ }�|) –17(


(0� n((0� p(ρ)

�
n) p � 2np

1


|d⟩ }d|


⊗ |)⟩ })|.

Sgdqdenqd: sgd bnlonmdmsr ne sgd ptZmstl RVHSBG dpthuZ/
kdms bgZmmdk LPR(·( qdZc.

L |�N
PR (ρ( : |d⟩ }d| . –18(

L |+N
PR (ρ( :

0

n+

�
(0� n((0� p(ρ

)
�
n) p � 2np

1


|d⟩ }d|


. –29(

vhsg oqnaZahkhshdr n� : np
1 Zmc n+ : 0� np

1 : qdrodbshudkx0 Hs
hr dZrx sn qdbnfmhyd sgZs ansg bnlonmdmsr ne sgd dpthuZkdms
bgZmmdk Zqd hm stqm ptZmstl dqZrtqd bgZmmdkr0
Hmsdqdrshmfkx: sgd bgZmmdk ZrrnbhZsdc vhsg sgd ntsbnld |�⟩

ne sgd bnmsqnk ptahs ldZrtqdldms gZr sgd dqZrtqd oqnaZahkhsx
0: h0d0: sqZmrlhsr mn hmenqlZshnm0 Nm sgd nsgdq gZmc: sgd
bgZmmdk ZrrnbhZsdc vhsg sgd ntsbnld |)⟩ dwghahsr Zm dqZrtqd
oqnaZahkhsx rlZkkdq sgZm nmd ne sgd bkZrrhbZk oZsg LB0 Hm sghr
vZx: hm sgd ptZmstl oZsg: Z oZqs ne sgd dqZrtqd oqnaZahkhsx ne
sgd bZrbZcd ne dqZrtqd bgZmmdkr hr ”rdoZqZsdc‘0
Rhmbd sgd bnlonmdms L |�N

PR sqZmrlhsr mn hmenqlZshnm: sgd
ptZmstl bZoZbhsx ne sgd dpthuZkdms bgZmmdk;LPR(·( hr bnl/
okdsdkx cdsdqlhmdc ax sgd bnlonmdms L |+N

PR .

P(LPR( : n+P(L |+N
PR (

: l]r

+. 0� 1

�
n) p � 2np

1


. –2fl(

vghbg dwsdmcr sgd jmnvm qdrtks nm bZoZbhsx ne ptZmstl oZsg
enq dqZrtqd bgZmmdkr vhsg n : p )1[0 PtZmstl bZoZbhshdr ne
bkZrrhbZk Zmc ptZmstl oZsgr –16( Zmc –2fl( Zqd oknssdc nm Ehf0 4:
vgdqdZr sgd cheedqdmbd P(LPR(�P(LB( hr oknssdc nm Ehf0 5
Zmc hsr lZwhltl 0

2 (2�1
|
1( bZm ad Zbghdudc enq svn hcdmshbZk

ptZmstl dqZrtqd bgZmmdkr vhsg n : p : 0�
|
1
1 0

QdlTqj fi0 Hs hr vnqsgvghkd sn mnsd sgZs sgdqd dwhrs ptZmstl
dqZrtqd bgZmmdkr enq vghbg Z ptZmstl oZsg dwghahsr mnm/
ydqn ptZmstl bZoZbhsx: vgdqdZr Zmx bkZrrhbZk oZsg dwghahsr
mtkk bZoZbhsx0 Sghr ldZmr sgZs Z ptZmstl oZsg ZbshuZsdr sgd
sqZmrlhrrhnm ne ptZmstl hmenqlZshnm sgqntfg ptZmstl dqZrtqd
bgZmmdkr: vgnrd Zmx bkZrrhbZk bnmzftqZshnm cndr mns sqZmrlhs
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hs Zs Zkk0 Sgd dqZrtqd oqnaZahkhshdr ne rtbg oZhqr ne dqZrtqd
bgZmmdkr ltrs rZshrex sgd enkknvhmf bnmchshnm.

+ ,
0� 1p
1(0� p(

, n ,
0� 1p
1� 2p ,

0

1
. –21(

U0 O�TKH BG�MMDKR

OZtkh bgZmmdkr bnmrshstsd oZqZchflZshb lncdkr hm ptZmstl
bnlltmhbZshnmr: rhmbd sgdx Zqd Zakd sn bZostqd ahs/fiho dqqnqr:
Zr vdkk Zr tmhptdkx ptZmstl edZstqdr ne mnhrd rtbg Zr ogZrd/
fiho dqqnqr Zmc hsr bnlahmZshnm vhsg ahs/fiho dqqnqr0 Sgdrd
Zqd sgd aZrhb dqqnqr sgZs bZm nbbtq hm oqZbshbd )31[ hm mnhrx
sqZmrlhrrhnmr ne ptahsr0 Hmcddc: sgd tahpthsntr oqdrdmbd ne
ptZmstl mnhrd sgZs bZm ad lncdkkdc vhsg OZtkh bgZmmdkr
gZr addm uZkhcZsdc hm Z mtladq ne vnqjr: d0f0 )3[: )31[:
)33[: hmbktchmf Fnnfkd@r nmd Zants ptZmstl rtoqdlZbx )48[0
Sgdqdhm: sgd Zbshnm ne mnhrd hr lncdkkdc Zr enkknvr.

N(ρ( : n+ρ) nRWρW ) nX X ρX ) nYYρY. –22(

vhsg W :


+ 0
0 +


: X :


+ �e
e +


: Zmc Y :


0 +
+ �0



cdmnshmf sgd OZtkh fZsdr )41[0
NudqZkk: Z OZtkh bgZmmdk N hr bgZqZbsdqhydc ax sgd bnqqd/

ronmchmf oqnaZahkhsx udbsnq (n+. nR . nX . nY(: sgd bnlonmdmsr
vgdqdne rtl to sn tmhsx0 Sgdqdenqd: enq sgd rZjd ne rhlokhbhsx:
vd bgZqZbsdqhyd Z OZtkh bgZmmdk N ax hsr oqnaZahkhsx udbsnq xN :

xN : (n+. nR . nX . nY(. –23(

�0 �qahsqYqx OYtkh bgYmmdkr

Vd bnmrhcdq svn mns mdbdrrZqhkx hcdmshbZk OZtkh bgZmmdkr
D Zmc D vhsg oqnaZahkhsx udbsnqr xD : (nD+ . n

D
R . n

D
X . n

D
Y ( Zmc

xD : (nD+ . n
D
R . n

D
X . n

D
Y(: qdrodbshudkx0 � ptZmstl oZsg kdZcr sn

sgd dpthuZkdms ptZmstl RVHSBG bgZmmdk bgZqZbsdqhydc ax sgd
enkknvhmf oqnaZahkhsx udbsnqr.

xL |�N
PR :

0

n�

�
+. ηX Y . ηRY . ηRX


. –24(

xL |+N
PR :

0

n+

�

�

η��. η+R . η+X . η+Y


. –25(

vgdqd � ∈ T+. W. X. Y{ Zqd cdzmdc ax rtllhmf sgd bnl/
onmdmsr ne sgd bnqqdronmchmf oqnaZahkhsx udbsnqr: Zmc η�β :
nD� n

D
β ) nDβ n

D
�0 Sgd ldZrtqdldms ntsbnld oqnaZahkhshdr qdZc

n� : ηX Y)ηRY)ηRX Zmc n+ :


� η��)η+R)η+X )η+Y 0
Rsdllhmf eqnl Oqnonrhshnmr fl Zmc 1: Zmc cdmnshmf η :

ηRX ) ηX Y ) ηRY : xn� : xnD� ) xnD� � 1xnD�xn
D
� enq Zmx � ∈

TW.X. Y{: Zmc xn : xnR ) xnX ) xnY : vd nasZhm sgd enkknvhmf
knvdq Zmc toodq antmcr ne sgd ptZmstl bZoZbhsx ZbghduZakd
vhsg Z ptZmstl oZsg0

Oqnonrhshnm 20 Sgd ptYmstl bYoYbhsx P(LPR( ne sgd dpthu/
Ykdms ptYmstl RVHSBF bgYmmdk LPR(·( enq YqahsqYqx OYtkh
bgYmmdkr hr knvdq/antmcdc ax PKAPR Yr enkknvr.

P(LPR( ≥ l]r

+. η(0� inf1 η( ) ηRX inf1 ηRX

) ηX Y inf1 ηX Y ) ηRY inf1 ηRY



) l]r

+. (0� η((0� inf1(0� η((

) (0� xn) η( inf1(0� xn) η(

) (xnR � ηRX � ηRY( inf1(xnR � ηRX � ηRY(

) (xnX � ηRX � ηX Y( inf1(xnX � ηRX � ηX Y(

) (xnY � ηRY � ηX Y( inf1(xnY � ηRY � ηX Y(


△
: PKAPR. –26(

Oqnne. Rdd �oodmchw B0

Oqnonrhshnm 30 Sgd ptYmstl bYoYbhsx P(LPR( ne sgd dpthu/
Ykdms ptYmstl RVHSBF bgYmmdk LPR(·( enq YqahsqYqx OYtkh
bgYmmdkr hr toodq/antmcdc ax PTAPR Yr enkknvr.

P(LPR( ≤ 0 ) ηX Y inf1 ηX Y ) ηRY inf1 ηRY

� (ηX Y ) ηRY( inf1(ηX Y ) ηRY(

) (0� xn) η( inf1(0� xn) η(

� (0� xnR � xnX ) ηRX (

· inf1(0� xnR � xnX ) ηRX (

� (xnR ) xnX � ηRX � η(

· inf1(xnR ) xnX � ηRX � η(

) (xnR � ηRX � ηRY( inf1(xnR � ηRX � ηRY(

) (xnX � ηRX � ηX Y( inf1(xnX � ηRX � ηX Y(

) (xnY � ηRY � ηX Y( inf1(xnY � ηRY � ηX Y(
△
: PTAPR . –27(

Oqnne. Rdd �oodmchw C0

Rhmbd OZtkh bgZmmdkr Zqd bnlltsZshud: Zmx bkZrrhbZk oZsg
sgqntfg sgdrd svn bgZmmdkr gZr sgd rZld ntsots: vghbg bZm
ad bgZqZbsdqhydc sgqntfg sgd oqnaZahkhsx udbsnq fhudm ax.

xLB :
�

�

η��. η+R ) ηX Y . η+X ) ηRY . η+Y ) ηRX


. –28(

Rhmbd sgd bkZrrhbZk oZsg ne OZtkh bgZmmdkr –28( ntsotsr ZfZhm
Z OZtkh bgZmmdk Zmc: sgdqdenqd: hr Bgnh/rsqdsbgZakd: vd bZm
drsZakhrg Zm toodq antmc enq hsr bZoZbhsx hm Z rhlhkZq vZx Zr
cnmd enq sgd ptZmstl oZsg hm Oqnonrhshnm 1 vgdm hs bZmmns ad
entmc Zr Z bknrdc dwoqdrrhnm uhZ sgd ansskdmdbj hmdptZkhsx –fl1(0
Hs bZm ad vqhssdm hm sgd enkknvhmf enql:

P(LB( ≤ 0 )E1(xnR ) xnX � 1ηRX (
) (0� xn) η( inf1(0� xn) η(

) (xnR � η ) 1ηX Y( inf1(xnR � η ) 1ηX Y(

) (xnX � η ) 1ηRY( inf1(xnX � η ) 1ηRY(

) (xnY � η ) 1ηRX ( inf1(xnY � η ) 1ηRX (
△
: PTAB . –39(
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vgdqd E1(·( cdmnsdr sgd ahmZqx RgZmmnm dmsqnox0 Gnvdudq: hs
rgntkc ad mnsdc sgZs sghr toodq antmc hr: fdmdqZkkx rodZjhmf:
vdZjdq sgZm sgd toodq antmc Zqhrhmf eqnl sgd ansskdmdbj
hmdptZkhsx –fl1(0

QdlTqj 10 �ksgntfg sgd qdrtksr cdqhudc hm Oqnonrhshnmr 2 Zmc
3 antmc sgd bZoZbhsx ne ZqahsqZqx OZtkh bgZmmdkr sgqntfg Z
knvdq Zmc toodq antmc hm –26( Zmc –27( qdrodbshudkx: sgdrd
antmcr cdodmc nm rdudqZk oZqZldsdqr: oqdudmshmf tr eqnl
dZrhkx Zrrdrrhmf sgd qdfhnm hm vghbg sgd ptZmstl RVHSBG
ntsodqenqlr sgd khlhsr ne bnmudmshnmZk ptZmstl RgZmmnm@r
sgdnqx0 Gdmbd: hm sgd enkknvhmf rtardbshnm: vd enbtr nm sgqdd
bkZrrdr ne OZtkh bgZmmdkr vhsg sgd qdlZqjZakd oqnodqsx ne
Zkknvhmf gdqZkcdc mnhrdkdrr bnlltmhbZshnmr0

A0 FdqYkcdc Mnhrdkdrr OYtkh BgYmmdkr

Hmsdqdrshmfkx: enq bdqsZhm OZtkh bgZmmdkr D Zmc D : Zs kdZrs
nmd ne sgd bnlonmdmsr hm dptZshnmr –24( Zmc –25( ne sgd dpthu/
Zkdms ptZmstl RVHSBG bgZmmdk bZm gZud lZwhlZk ptZmstl
bZoZbhsx: gdmbd: dmZakhmf odqedbs bnlltmhbZshnm rhlhkZq sn sgd
jmnvm bZrd ne hcdmshbZk OZtkh bgZmmdkr: D : D )14[0 Hmcddc:
sgdqd bZm ad ghfgkhfgsdc sgqdd mnm/sqhuhYk bkZrrdr –rtllZqhydc
hm SZakd HH( ne bgZmmdk oZhqr (D. D( sgZs ZbshuZsd mnhrdkdrr
–h0d0: odqedbs( bnlltmhbZshnm hm nmd nq ansg bnlonmdmsr ne
sgd dpthuZkdms bgZmmdk.

• BkZrr H. bgZmmdk oZhqr vhsg nmd ne sgd bnlonmdmsr nR,X,Y

adhmf ydqn hm ansg sgd bgZmmdkr: h:0d0: nD� : nD� : + enq Z
bdqsZhm � ∈ W.X. Y : lZjhmf L |�N

PR tmhsZqx: gdmbd: hcdZk:
• BkZrr HH. bgZmmdk oZhqr vhsg nD+ : nD+ : +: lZjhmf L |+N

PR
hcdmshsx bgZmmdk:

• BkZrr HHH. bgZmmdk oZhqr vgdqd nmd ne sgd bgZmmdkr hr
tmhsZqx: h0d0: nmd ne sgd bnlonmdmsr nR,X,Y adhmf nmd Zmc
sgd qdrs adhmf ydqn: vgdqdZr sgd bnqqdronmchmf bnlonmdms
nR,X,Y ne sgd nsgdq bgZmmdk hr ydqn: lZjhmf L |+N

PR tmhsZqx0
Sgd bnqqdronmchmf bnlonmdmsr ne sgd dpthuZkdms bgZmmdkr Zmc
toodq antmcr nm sgdhq ptZmstl bZoZbhsx Zqd rtllZqhydc hm
SZakd HH enq Zkk sgqdd bkZrrdr ne OZtkh bgZmmdkr0

QdlTqj 20 � oZqshbtkZq bZrd hr bnmrshstsdc ax OZtkh bgZmmdkr
sgZs adknmf sn ansg bkZrrdr H Zmc HH: h0d0: Z oZhq ne OZtkh bgZmmdkr
(D. D( vhsg nD+ : nD+ : + Zmc nD� : nD� : + enq Z bdqsZhm
� : TW.X. Y{: enq dwZlokd:

xD : (+. nDR . +. n
D
Y (.

xD : (+. nDR . +. n
D
Y(.

vgdqd � : X vhsgnts knrr ne fdmdqZkhsx0 Rtbg bgZmmdkr lZjd
ansg bnlonmdmsr –24( Zmc –25( hcdZk –tmhsZqx Zmc hcdmshsx: qd/
rodbshudkx(0 Gdmbd: hm sghr bZrd: sgd nudqZkk dpthuZkdms bgZmmdk
adbnldr odqedbs )14[: Zrrtqhmf mnhrdkdrr bnlltmhbZshnmr enq
Zmx ldZrtqdldms ne sgd bnmsqnk ptahs0

QdlTqj 30 �m hlonqsZms rtabkZrr ne OZtkh bgZmmdkr Zqd
dmsZmfkdldms/aqdZjhmf bgZmmdkr: vghbg gZud ydqn bngdqdms
hmenqlZshnm Zmc: sgdqdenqd: ydqn ptZmstl bZoZbhsx0 Vgdm nmd
ne sgd bgZmmdkr ots hmsn Z bkZrrhbZk oZsg hr dmsZmfkdldms/
aqdZjhmf: sgdm sgd ptZmstl bZoZbhsx ne sgd dmshqd bkZrrhbZk
oZsg hr ydqn ctd sn sgd ansskdmdbj hmdptZkhsx –fl1(0 Fhudm Z

OZtkh bgZmmdk vhsg sgd oqnaZahkhsx udbsnq (n+. nR . nX . nY(: hs
hr dmsZmfkdldms/aqdZjhmf he )59[: )5fl[



�4R,X,Y

|1(n+ ) n�(� 0| ≤ 0. –3fl(

Enq sgd bgZmmdkr D Zmc D sgZs lZjd mnhrdkdrr Zs kdZrs nmd ne
sgd bnlonmdmsr L |±N

PR (·( ne sgd ptZmstl RVHSBG dpthuZkdms
bgZmmdk: bnmchshnm –3fl( ldZmr sgZs xD nq xD gZud sn rZshrex sgd
bnmchshnmr

n
D,D
R ≤ 0

1
. –31(

0

1
� n

D,D
R ≤ n

D,D
Y ≤ 0

1
. –32(

hm nqcdq sn ad dmsZmfkdldms/aqdZjhmf0 � bkZrrhbZk oZsg ne rtbg
bgZmmdkr gZr ydqn bZoZbhsx: P(LB( : +0

fl- BkYrr H. Hm sgd enkknvhmf: vd Zrrtld vhsgnts kZbj
ne fdmdqZkhsx sgZs nD� : nD� : + enq � : X 0 �bbnqc/
hmfkx: vgdmdudq sgd ldZrtqdldms ne sgd bnmsqnk ptahs hm sgd
GZcZlZqc aZrhr qdstqmr |�⟩: vghbg gZoodmr vhsg oqnaZahkhsx
n� : ηRY : sgd nqhfhmZk ptZmstl rsZsd ρ ZoodZqr sn ad
sqZmrenqldc tmhsZqhkx Zr X ρX 0 Gdmbd: hs bZm ad qdbnudqdc ax
Zookxhmf sgd tmhsZqx bnqqdbshud nodqZshnm X sn sgd qdbdhudc
ptahs: h0d0: X (X ρX (X : ρ0 �r Z bnmrdptdmbd: vgdm sgd
ldZrtqdldms ntsbnld hr |�⟩: cdrohsd D Zmc D adhmf mnhrx
bgZmmdkr bnqqtoshmf sgd ptZmstl hmenqlZshnm dladccdc hm
|φ⟩: Z ptZmstl oZsg hlokdldmsdc uhZ sgd ptZmstl RVHSBG
Zkknvr Z mnhrdkdrr ptZmstl sqZmrlhrrhnm vhsg Z oqnaZahkhsx
dptZk sn ηRY : Zmc sgd qdbdhudq bZm dZrhkx qdbnfmhyd sghr dudms
ax rhlokx ldZrtqhmf sgd bnmsqnk ptahs0 Bnmudqrdkx: vgdmdudq
sgd ldZrtqdldms ntsbnld ne sgd bnmsqnk ptahs hr dptZk sn |)⟩:
vghbg gZoodmr vhsg oqnaZahkhsx n+ : 0 � ηRY : sgd nqhfhmZk
ptZmstl rsZsd ρ hr Zksdqdc sgqntfg Z vdhfgsdc bnlahmZshnm ne
ahs/fiho W Zmc ogZrd/fiho Y0

AnqnkkTqx fi0 Sgd ptYmstl bYoYbhsx P(LPR( ne sgd dpthuYkdms
ptYmstl RVHSBF bgYmmdk LPR(·( enq OYtkh bgYmmdkr ne bkYrr
H hr knvdq/antmcdc Yr enkknvr.

PKAPR : η )l]rT+. (0� η((0� inf1(0� η((

) (xnR � η( inf1(xnR � η(

) (xnY � η( inf1(xnY � η(

) (0� xnR � xnY ) η(

· inf1((0� xnR � xnY ) η(({. –33(

Oqnne. Ax Ybbntmshmf enq sgd gxonsgdrhr ne nDX : nDX : +
vhsgnts knrr ne fdmdqYkhsx: vd nasYhm dptYshnmr ηRX : ηX Y :
+: η : ηRY : xnX : +: Ymc xn : xnR ) xnY 0 Ax oktffhmf sgdl
hmsn –26( Ymc ax odqenqlhmf rnld YkfdaqYhb lYmhotkYshnmr:
sgd oqnne enkknvr0

AnqnkkTqx 10 Sgd ptYmstl bYoYbhsx P(LPR( ne sgd dpthuYkdms
ptYmstl RVHSBF bgYmmdk LPR(·( enq OYtkh bgYmmdkr ne bkYrr
H hr toodq/antmcdc Yr enkknvr.

PTAPR : 0 ) (0� xnR � xnY ) η( inf1((0� xnR � xnY ) η((

� (0� xnR( inf1(0� xnR( ) (xnY � η( inf1(xnY � η(.

Oqnne. Ax Ybbntmshmf enq sgd gxonsgdrhr ne nDX : nDX : +
vhsgnts knrr ne fdmdqYkhsx: vd nasYhm dptYshnmr ηRX : ηX Y :
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OTqTldsdqr AgTmmdk OThq DpthuTkdms AgTmmdk Mnhrdkdrr AgTmmdk Anlonmdms

AkTrr G ax Zrrtlhmf � 1 X vhsgnts qdrsqhbshnm ne fdmdqZkhsx: hs qdrtksr. L |�N
PR hr tmhsZqx

iD� 1 iD� 1 + UD 1
�
0� iDR � iDY . i

D
R . +. i

D
Y


.

UD 1
�
0� iDR � iDY . i

D
R . +. i

D
Y


.

UL |�N
PR 1

�
+. +. 0. +


.

UL |�N
PR 1

0

i�

�

�

iD� i
D
�. η+R . +. η+Y


.

i� 1 ηRY .

i� 1 0� ηRY .

AkTrr GG

iD+ 1 iD+ 1 + UD 1
�
+. iDR . 0� iDR � iDY . i

D
Y


.

UD 1
�
+. iDR . 0� iDR � iDY . i

D
Y


.

UL |�N
PR 1

0

i�

�
+. ηX Y . ηRY . ηRX


.

UL |�N
PR 1

�
0. +. +. +


.

i� 1 0�


�

iD� i
D
�.

i� 1


�

iD� i
D
�

L |�N
PR hr hcdmshsx

AkTrr GGG ax Zrrtlhmf � 1 X vhsgnts qdrsqhbshnm ne fdmdqZkhsx: hs qdrtksr. L |�N
PR hr tmhsZqx

iD� 1 0. i
D
� 1 + UD 1

�
+. +. 0. +


.

UD 1
�
0� iR � iY . iR . +. iY


.

UL |�N
PR 1

0

i�

�
+. iY . +. iR


.

UL |�N
PR 1

�
+. +. 0. +


.

i� 1 iR ) iY .

i� 1 0� iR � iY .

S�AKD HH. Sgqdd bkZrrdr ne OZtkh bgZmmdk oZhqr (D. D( sgZs lZjd hcdZk Zs kdZrs nmd bnlonmdms ne sgd dpthuZkdms ptZmstl
RVHSBG bgZmmdk LPR(·(0

+: η : ηRY : xnX : +: Ymc xn : xnR ) xnY 0 Ax oktffhmf sgdl
hmsn –27(: Ymc ax odqenqlhmf rnld YkfdaqYhb lYmhotkYshnmr:
sgd oqnne enkknvr0

Sn oqnodqkx ptZmshex sgd fZhm hm sdqlr ne ptZmstl bZoZbhsx
Zrrtqdc ax sgd Zcnoshnm ne sgd ptZmstl RVHSBG: vd qdonqs
sgd cheedqdmbd δPPR“B △

: PKAPR � PTAB adsvddm sgd ptZmstl
RVHSBG knvdq antmc fhudm hm BnqnkkZqx fl Zmc sgd toodq
antmc nm sgd bZoZbhsx ZbghduZakd vhsg Z bkZrrhbZk oZsg Zmc
fhudm hm –39(0 Enq BkZrr H: –39( rhlokhzdr Zr enkknvr.

PTAB : 0 )E1(xnR( ) η inf1 η

) (xnR � η( inf1(xnR � η(

) (xnY � η( inf1(xnY � η(

) (0� xnR � xnY ) η(

· inf1(0� xnR � xnY ) η(. –34(

Sgd cheedqdmbd δPPR“B qdoqdrdmsr Z bnmrdquZshud drshlZsd ne
sgd bZoZbhsx fZhm oqnuhcdc ax Z ptZmstl oZsg: rhmbd. h( sgd
ptZmstl RVHSBG knvdq antmc tmcdqdrshlZsdr sgd ptZmstl
bZoZbhsx ne sgd dpthuZkdms ptZmstl RVHSBG bgZmmdk: Zmc
rhltksZmdntrkx hh( sgd bkZrrhbZk oZsg toodq antmc nudqdrshlZsdr
sgd bZoZbhsx ZbghduZakd uhZ Z bkZrrhbZk oZsg0 Enq sgd OZtkh

bgZmmdkr ne bkZrr H: δPPR“B hr fhudm ax.

δPPR“B : E1(η(�E1(xnR(

� lgm

+. (0� xnR � xnY ) η(

· inf1(0� xnR � xnY ) η(

) (xnR � η( inf1(xnR � η(

) (xnY � η( inf1(xnY � η(

) (0� η((0� inf1(0� η((


: E1(η(�E1(xnR(

� lgmT+. n+HZ(L |+N
PR ({. –35(

Sgdqdenqd: he bngdqdms hmenqlZshnm ne sgd mnm/hcdZk bnlonmdms
ne sgd ptZmstl RVHSBG dpthuZkdms bgZmmdk hr onrhshud: sgd
knvdq antmc enq bZoZbhsx ne ptZmstl oZsg dwbddcr sgd toodq
antmc enq bZoZbhsx ne bkZrrhbZk oZsg he E1(η( < E1(xnR(0 Nsg/
dqvhrd: sgd bnmchshnm qdZcr n+|HZ(L |+N

PR (| < E1(xnR(�E1(η(0
Enq sgd OZtkh bgZmmdkr rZshrexhmf sgdrd bnmchshnmr: sgd ptZmstl
oZsg mdbdrrZqhkx ntsodqenqlr sgd bnqqdronmchmf bkZrrhbZk oZsg
hm sdqlr ne sgdhq ptZmstl bZoZbhshdr0

1- BkYrr HH. Gdqdhm: he Z ldZrtqdldms ne sgd bnmsqnk ptahs
hm sgd GZcZlZqc aZrhr qdstqmr |)⟩: vghbg gZoodmr vhsg
oqnaZahkhsx n+ : nDRn

D
R)n

D
X n
D
X )n

D
Yn
D
Y : sgd nqhfhmZk ptZmstl

rsZsd ρ hr sqZmrlhssdc odqedbskx0 Hm sghr bZrd: vd bZm nasZhm sgd
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enkknvhmf knvdq Zmc toodq antmc enq ptZmstl bZoZbhsx ne sgd
ptZmstl oZsg0

AnqnkkTqx 20 Sgd ptYmstl bYoYbhsx P(LPR( ne sgd dpthuYkdms
ptYmstl RVHSBF bgYmmdk LPR(·( enq OYtkh bgYmmdkr ne bkYrr
HH hr knvdq/antmcdc Yr enkknvr.

PKAPR : 0� xnR � xnY ) ηRY –36(
) l]rT+. ηRY inf1 ηRY
) (xnR � ηRY( inf1(xnR � ηRY(

) (xnY � ηRY( inf1(xnY � ηRY(

) (xnR ) xnY � ηRY((0� inf1(xnR ) xnY � ηRY(({.

Oqnne. Ax Ybbntmshmf enq sgd gxonsgdrhr ne nD+ : nD+ : +
vhsgnts knrr ne fdmdqYkhsx: vd nasYhm dptYshnmr ηRX : xnR �
ηRY : ηX Y : xnY � ηRY : η : xnR ) xnY � ηRY : xnX : xnR )
xnY � 1ηRY : Ymc xn : 1(xnR ) xnY � ηRY(0 Ax oktffhmf sgdl
hmsn –26( Ymc ax odqenqlhmf rnld YkfdaqYhb lYmhotkYshnmr:
sgd oqnne enkknvr0

AnqnkkTqx 30 Sgd ptYmstl bYoYbhsx P(LPR( ne sgd dpthuYkdms
ptYmstl RVHSBF bgYmmdk LPR(·( enq OYtkh bgYmmdkr ne bkYrr
HH hr toodq/antmcdc Yr enkknvr.

PTAPR : 0 ) ηRY inf1 ηRY � xnY inf1 xnY

) (xnY � ηRY( inf1(xnY � ηRY(. –37(

Oqnne. Ax Ybbntmshmf enq sgd gxonsgdrhr ne nD+ : nD+ : +
vhsgnts knrr ne fdmdqYkhsx: vd nasYhm dptYshnmr ηRX : xnR �
ηRY : ηX Y : xnY � ηRY : η : xnR ) xnY � ηRY : xnX : xnR )
xnY � 1ηRY : Ymc xn : 1(xnR ) xnY � ηRY(0 Ax oktffhmf sgdl
hmsn –27( Ymc ax odqenqlhmf rnld YkfdaqYhb lYmhotkYshnmr:
sgd oqnne enkknvr0

Ax mnshmf sgZs –39( rhlokhzdr Zr.

PTAB : 0 )E1(xnY( ) ηRY inf1 ηRY –38(
) (xnR � ηRY( inf1(xnR � ηRY(

) (xnY � ηRY( inf1(xnY � ηRY(

) (0� xnR � xnY ) ηRY( inf1(0� xnR � xnY ) ηRY(.

sgd chrsZmbd adsvddm sgd toodq antmc enq sgd bZoZbhsx ne
Z bkZrrhbZk oZsg Zmc sgd knvdq antmc enq sgd bZoZbhsx ne Z
ptZmstl oZsg hr fhudm ax.

δPPR“B : E1(xnR ) xnY � ηRY(�E1(xnR(

� lgm

+. ηRY inf1 ηRY

) (xnR � ηRY( inf1(xnR � ηRY(

) (xnY � ηRY( inf1(xnY � ηRY(

) (xnR ) xnY � ηRY(

· (0� inf1(xnR ) xnY � ηRY((


: E1(xnR ) xnY � ηRY(�E1(xnR(

� lgmT+. n�HZ(L |�N
PR ({. –49(

Sgdqdenqd: he bngdqdms hmenqlZshnm ne sgd mnm/hcdZk bnlonmdms
ne sgd ptZmstl RVHSBG dpthuZkdms bgZmmdk hr onrhshud: sgd
knvdq antmc enq bZoZbhsx ne ptZmstl oZsg dwbddcr sgd toodq
antmc enq bZoZbhsx ne bkZrrhbZk oZsg he E1(xnR ) xnY � η( <

E1(xnR(0 Nsgdqvhrd: sgd bnmchshnm qdZcr n�|HZ(L |�N
PR (| <

E1(xnR(�E1(xnR ) xnY � η(0

2- BkYrr HHH. Enq sgd sghqc bkZrr: vhsgnts qdrsqhbshnm ne
fdmdqZkhsx: nDX : 0 –gdmbd: sgd qdrs ne bnlonmdmsr Zqd ydqn(0
Ax qdZrnmhmf Zr hm sgd oqduhntr BnqnkkZqhdr: sgd knvdq Zmc
toodq antmcr qdonqsdc hm BnqnkkZqx 4 Zmc 5 bZm ad cdqhudc0

AnqnkkTqx 40 Sgd ptYmstl bYoYbhsx P(LPR( ne sgd dpthuYkdms
ptYmstl RVHSBF bgYmmdk LPR(·( enq OYtkh bgYmmdkr ne bkYrr
HHH hr knvdq/antmcdc Yr enkknvr.

PKAPR : 0 ) nR inf1 nR ) nY inf1 nY

� (nR ) nY( inf1(nR ) nY(. –4fl(

Oqnne. Ax Ycnoshmf rhlhkYq qdYrnmhmf Yr hm BnqnkkYqx 2
Ymc ax mnshbhmf sgYs ηRX : nR : ηX Y : nY : ηRY : +: η :
nR ) nY : xnR : nR : xnX : 0: xnY : nY Ymc xn : 0) nR ) nY :
sgd oqnne enkknvr0

AnqnkkTqx 50 Sgd ptYmstl bYoYbhsx P(LPR( ne sgd dpthuYkdms
ptYmstl RVHSBF bgYmmdk LPR(·( enq OYtkh bgYmmdkr ne bkYrr
HHH hr toodq/antmcdc Yr enkknvr.

PTAPR : 0. –41(

Oqnne. Ax Ycnoshmf rhlhkYq qdYrnmhmf Yr hm BnqnkkYqx 3
Ymc ax mnshbhmf sgYs ηRX : nR : ηX Y : nY : ηRY : +: η :
nR ) nY : xnR : nR : xnX : 0: xnY : nY Ymc xn : 0) nR ) nY :
sgd oqnne enkknvr0

Sgd knvdq antmc nm sgd ptZmstl bZoZbhsx ZbghduZakd
sgqntfg Z ptZmstl oZsg enq OZtkh bgZmmdkr ne bkZrr HHH Zr Z
etmbshnm ne nR Zmc nY hr oknssdc nm Ehf0 60
Ax mnshmf sgZs –39( rhlokhzdr Zr.

PTAB : 0 )E1(nR( ) nR inf1 nR ) nY inf1 nY

) (0� nR � nY( inf1(0� nR � nY(. –42(

sgd chrsZmbd adsvddm sgd toodq antmc enq sgd bZoZbhsx ne
bkZrrhbZk oZsg Zmc sgd knvdq antmc enq sgd bZoZbhsx ne ptZmstl
oZsg hr fhudm ax

δPPR“B : E1(nR ) nY(�E1(nR(. –43(

B0 Ahs/ Ymc ogYrd/fiho bgYmmdkr

Hm sghr rtardbshnm: vd bnmrhcdq Z oZqshbtkZq rtabkZrr ne bkZrr
H: mZldkx OZtkh bgZmmdkr N sgZs Zkknv nmd sn bZkbtkZsd sgdhq
ptZmstl bZoZbhsx P(N( dwokhbhskx0 Enq sgd rZjd ne rhlokhbhsx:
vd sZjdfl9 bgZmmdk D adhmf sgd ahs/fiho bgYmmdk Zmc bgZmmdk D
adhmf sgd ogYrd/fiho bgYmmdk Zr hm )13[: )17[: vgnrd oqnaZahkhsx
udbsnqr Zqd fhudm ax.

xD :
�
0� n. n. +. +


–44(

xD :
�
0� p. +. +. p


. –45(

fl9Sghr bgnhbd hr mns qdrsqhbshud: rhmbd nsgdq sxodr ne cdonkZqhyhmf bgZmmdkr
Zqd tmhsZqhkx dpthuZkdms sn Z bnlahmZshnm ne ahs/fiho Zmc ogZrd/fiho bgZmmdkr
)13[0 Gdmbd: sgd ZmZkxrhr hm sgd enkknvhmf bnmshmtdr sn gnkc Zmc hs bZm ad
fdmdqZkhydc sn Zmx cdonkZqhyhmf bgZmmdk ax dwoknhshmf oqnodq oqd/ Zmc onrs/
oqnbdrrhmf nodqZshnmr0
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Ehf0 6. Cdmrhsx okns ne sgd knvdq antmc –4fl( nm ptZmstl bZ/
oZbhsx ne sgd ptZmstl oZsg enq OZtkh bgZmmdkr ne bkZrr HHH0 Sgd
vghsd sqhZmfkd ghfgkhfgsr sgd ZqdZ ne oqnaZahkhshdr vghbg lZjdr
nmd sgd bnqqdronmchmf OZtkh bgZmmdk dmsZmfkdldms/aqdZjhmf
Zmc: ctd sn QdlZqj 3: ptZmstl bZoZbhsx ne sgd bnqqdronmchmf
bkZrrhbZk oZsg bZm ad bZkbtkZsdc dwokhbhskx: P(LB( : +0 Mnshbd
sgZs ctd sn sgd bnmchshnm nR ) nY ≤ 0 ne bnmrhrsdmbx ne
oqnaZahkhshdr nmkx sgd knvdq gZke ne sgd okns hr bnmrhcdqdc0

Eqnl –44(: hs ZoodZqr bkdZq sgZs bgZmmdk D fihor sgd rsZsd ne Z
ptahs eqnl |+⟩ sn |0⟩ –Zmc uhbd udqrZ( vhsg oqnaZahkhsx n: Zmc
hs kdZudr sgd ptahs tmZksdqdc vhsg oqnaZahkhsx 0� n0 RhlhkZqkx:
eqnl –45(: bgZmmdk D hmsqnctbdr vhsg oqnaZahkhsx p Z qdkZshud
ogZrd/rghes ne π adsvddm sgd bnlokdw Zlokhstcdr � Zmc β ne
sgd ptahs |φ⟩ : � |+⟩)β |0⟩: Zmc hs kdZudr sgd ptahs tmZksdqdc
vhsg oqnaZahkhsx 0� p0
Ansg sgd ahs/ Zmc sgd ogZrd/fiho bgZmmdkr Zclhs Z rhmfkd/

kdssdq dwoqdrrhnm enq sgd ptZmstl bZoZbhsx )7[.

P(D( : 0�E1(n( –46(
P(D( : 0�E1(p(. –47(

Sghr Zkknvr tr sn rtarshstsd sgd toodq antmc –34( nm sgd
ptZmstl bZoZbhsx ZbghduZakd vhsg Z bkZrrhbZk oZsgr enq bkZrr
H bgZmmdkr: vhsg Zm hloqnudc toodq antmc Zqhrhmf eqnl sgd
ansskdmdbj hmdptZkhsx hm –fl1( enq D Zmc D : mZldkx:

PTAB ≡ 0�l]r TE1(n(. E1(p({ . –48(

Hm Ehf0 7 vd okns hs Zr Z etmbshnm ne sgd dqqnq oqnaZahkhshdr n
Zmc p ne D Zmc D 0

QdlTqj 40 Vgdmdudq n nq p Zqd dptZk sn 0
1 : mn ptZmstl

hmenqlZshnm bZm ad rdms sgqntfg Zmx bkZrrhbZk oZsg sqZudqrhmf
sgd bgZmmdkr D Zmc D : rhmbd PTAB : +0

�bbnqchmf sn SZakd HH: Z ptZmstl oZsg enq D Zmc D kdZcr sn
sgd enkknvhmf bnlonmdmsr ne sgd dpthuZkdms ptZmstl RVHSBG

Ehf0 7. Cdmrhsx okns ne sgd toodq antmc –48( nm ptZmstl
bZoZbhsx ZbghduZakd vhsg Z bkZrrhbZk oZsg Zr Z etmbshnm ne sgd
dqqnq oqnaZahkhshdr n Zmc p ne ahs/ Zmc ogZrd/fiho bgZmmdkr D
Zmc D 0

bgZmmdk )1[: )13[: )17[.

xL |�N
PR : (+. +. 0. +( –59(

xL |+N
PR :

0

np

�
(0� n((0� p(. n(0� p(. +. (0� n(p


.–5fl(

vhsg ldZrtqdldms ntsbnld oqnaZahkhshdr n� : np Zmc n+ :
0 � np: qdrodbshudkx0 BnqnkkZqhdr fl Zmc 1 Zkknv nmd sn cdqhud
eqnl –59( Zmc –5fl( sgd knvdq Zmc toodq antmcr nm sgd bZoZbhsx
ZbghduZakd vhsg Z ptZmstl oZsg enq D Zmc D 0
AnqnkkTqx 60 Sgd ptYmstl bYoYbhsx P(LPR( ne sgd dpthuYkdms
ptYmstl RVHSBF bgYmmdk LPR(·( enq ahs/ Ymc ogYrd/fiho
bgYmmdkr hr knvdq/antmcdc Yr enkknvr.

PKAPR : np )l]rT+. 0� np )E1(np(�E1(n(�E1(p({

:


np. he 0� np )E1(np(�E1(n(�E1(p( , +

0 )E1(np(�E1(n(�E1(p(. nsgdqvhrd.
–51(

Oqnne. Ax Ybbntmshmf enq sgd oqnaYahkhsx udbsnqr fhudm
hm –44( Ymc –45(: vd nasYhm sgd dptYshnmr ηRX : ηX Y : +:
ηRY : η : np: xnR : n: xnX : +: xnY : p: Ymc xn : n ) p0
Ax oktffhmf sgdl hmsn –26( Ymc odqenqlhmf rnld YkfdaqYhb
lYmhotkshnmr: sgd oqnne enkknvr0

AnqnkkTqx 70 Sgd ptYmstl bYoYbhsx P(LPR( ne sgd dpthuYkdms
ptYmstl RVHSBF bgYmmdk LPR(·( enq ahs/ Ymc ogYrd/fiho
bgYmmdkr hr toodq/antmcdc Yr enkknvr.

PTAPR : 0� (0� n(E1(p( –52(

Oqnne. Ax Ybbntmshmf enq sgd oqnaYahkhsx udbsnqr fhudm
hm –44( Ymc –45(: vd nasYhm sgd dptYshnmr ηRX : ηX Y : +:
ηRY : η : np: xnR : n: xnX : +: xnY : p: Ymc xn : n ) p0
Ax oktffhmf sgdl hm sn –27( Ymc odqenqlhmf rnld YkfdaqYhb
lYmhotkshnmr: sgd oqnne enkknvr0
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Ehf0 8. Cdmrhsx okns ne sgd knvdq antmc –51( nm ptZmstl
bZoZbhsx ZbghduZakd vhsg sgd ptZmstl RVHSBG Zr Z etmbshnm
ne sgd dqqnq oqnaZahkhshdr n Zmc p ne ahs/ Zmc ogZrd/fiho bgZmmdkr
D Zmc D 0

Hm Ehf0 8 Zmc Ehf0 fl9 vd okns sgd knvdq antmc –51( Zmc toodq
antmc –52(: qdrodbshudkx: Zr etmbshnmr ne sgd dqqnq oqnaZahkhshdr
n Zmc p ne sgd bgZmmdkr0
� oZqshbtkZq hmsdqdrs hr aqntfgs ax D Zmc D : vgdqdne Zs

kdZrs nmd gZr Z mtkk bZoZbhsx –h0d0: n : 0
1 nq p :

0
1 ( qdctbhmf

sn ydqn sgd bZoZbhsx ne sgd bnqqdronmchmf bkZrrhbZk oZsg hm
ZbbnqcZmbd vhsg –48(0 Hm sghr bZrd: enq Zmx ldZmhmfetk bgnhbd
ne n. p ̸: +: sgd ptZmstl RVHSBG Zrrtqdr Z mnm/mtkk bZoZbhsx0
Hm oZqshbtkZq: hm sgd dwsqdld bZrd ne D Zmc D gZuhmf ansg
ydqn bZoZbhsx: sgd ptZmstl bZoZbhsx ZbghduZakd ax tshkhyhmf
sgd ptZmstl RVHSBG hr fqdZsdq sgZm ydqn:

0

3
≤ P(LPR( ≤

0

1
. –53(

Sn oqnodqkx ptZmshex sgd fZhm hm sdqlr ne ptZmstl bZoZbhsx
Zrrtqdc ax sgd Zcnoshnm ne sgd ptZmstl RVHSBG: hm Ehf0 flfl
vd okns sgd cheedqdmbd δPPR“B adsvddm sgd knvdq antmc PKAPR
enq ptZmstl oZsg Zmc sgd toodq antmc PTAB enq bkZrrhbZk oZsg0
Cdrohsd adhmf δPPR“B Zm tmcdqdrshlZshnm ne sgd ZbstZk fZhm
oqnuhcdc ax Z ptZmstl oZsg: vd bZm nardqud hm Ehf0 flfl sgZs sgd
Zcnoshnm ne sgd ptZmstl RVHSBG hmbnmsqnudqshakx hmbqdZrdr
sgd odqenqlZmbd hm sdqlr ne bZoZbhsx vhsg qdrodbs sn bkZrrhbZk
oZsgr vhsghm sgd aqnZc qZmfd ne uZktdr ne sgd dqqnq oqnaZahkhshdr
n Zmc p sgZs bnqqdronmc sn sgd qdfhnm vhsg δPPR“B < +0 Enq Zmx
rdsshmf ne n Zmc p vhsghm sghr vhcd qdfhnm: sgd ptZmstl oZsg
dmZakdr vhsg bdqsZhmsx sgd uhnkZshnm ne sgd ansskdmdbj hmdptZkhsx
fhudm hm –fl1(0 � oZqshbtkZq dwZlokd hr cqZvm ax sgd dwsqdld
bZrd ne δPPR“B : 0: vghbg qdoqdrdmsr Z rdsshmf enq n Zmc p
vgdqd sgd dpthuZkdms ptZmstl RVHSBG bgZmmdk adgZudr Zr
Zm hcdZk bgZmmdk: dudm he mn ptZmstl hmenqlZshnm Zs Zkk bZm
ad rdms sgqntfg Zmx bkZrrhbZk oZsg0 Hmcddc: sghr hr Zbghdudc enq
n : 0

1 Zmc p : 0 nq uhbd udqrZ0
QdfZqchmf sgd qdfhnmr vhsg mdfZshud δPPR“B: sgdx cn mns

hlokx sgZs Z bkZrrhbZk oZsg ntsodqenqlr sgd ptZmstl oZsg:

Ehf0 fl9. Cdmrhsx okns ne sgd toodq antmc –52( nm ptZmstl
bZoZbhsx ZbghduZakd vhsg sgd ptZmstl RVHSBG Zr Z etmbshnm
ne sgd dqqnq oqnaZahkhshdr n Zmc p ne ahs/ Zmc ogZrd/fiho bgZmmdkr
D Zmc D 0

fhudm sgZs bZoZbhsx antmcr - qZsgdq sgZm dwZbs bZoZbhshdr -
Zqd hmunkudc vhsghm δPPR“B0 Sn etqsgdq chrbtrr sghr onhms: hm
Ehf0 fl1 vd okns sgd cheedqdmbd δPPR △

: PTAPR�PKAPR adsvddm sgd
toodq/ Zmc knvdq antmcr ne sgd ptZmstl bZoZbhsx ZbghduZakd
uhZ Z ptZmstl oZsg enq sgd ahs/ Zmc sgd ogZrd/fiho bgZmmdkr
D Zmc D fhudm hm –44( Zmc –45(0 Qntfgkx rodZjhmf: sghr
ptZmshsx ldZrtqdr sgd tmbdqsYhmsx Zants sgd sqtd uZktd ne
sgd ptZmstl RVHSBG bZoZbhsx P(LPR(0 Ehf0 fl1 ghfgkhfgsr
sgZs δPPR � +.22 enq lnrs ne sgd bnmrhcdqdc uZktdr enq sgd
dqqnq oqnaZahkhshdr n Zmc p: hmchbZsdc vhsg bnknqr qZmfhmf eqnl
otqokd sn stqptnhrd0 Sghr hr Zm hmchbZshnm ne Z fnnc shfgsmdrr
ne sgd cdqhudc antmcr0 Bnmudqrdkx: Zr p fndr sn ydqn: sgd
cheedqdmbd adsvddm sgd svn antmcr hmbqdZrdr: qdZbghmf sgd
lZwhltl uZktd ne 0 ptahs vgdm n : 0

1 0 QdfZqckdrr ne sgd
shfgsmdrr ptZkhsx: sgd Zenqdldmshnmdc ZmZkxrhr rshkk gnkcr: rhmbd
vd bnloZqd sgd knvdq antmc nm sgd ptZmstl oZsg bZoZbhsx
vhsg sgd toodq antmc nm sgd bkZrrhbZk oZsg bZoZbhsx0 Lnqdnudq:
sghr bnloZqhrnm hmbnmsqnudqshakx ptZmshzdr sgd ZcuZmsZfdr
ZbghduZakd vhsg sgd ptZmstl RVHSBG nudq Zmx bkZrrhbZk oZsg0
Adenqd sn bknrd sgd chrbtrrhnm nm ahs/ Zmc sgd ogZrd/fiho

bgZmmdkr: kds tr enbtr nm sgd bZrd ne D Zmc D bgZqZbsdqhydc
ax sgd rZld dqqnq oqnaZahkhsx n : p0 Hm oZqshbtkZq: sghr rdsshmf
Zkknvr nmd Z chqdbs bnloZqhrnm vhsg sgd ZmZkxrhr cdudknodc hm
)13[ enq sgd knvdq antmc nm sgd ptZmstl bZoZbhsx ZbghduZakd
ax tshkhyhmf sgd ptZmstl RVHSBG0

AnqnkkTqx 80 Vgdm n : p: sgd knvdq antmc PKAPR hm –51( nm sgd
ptYmstl bYoYbhsx YbghduYakd uhY Y ptYmstl oYsg hlokdldmsdc
sgqntfg sgd ptYmstl RVHSBF bYm ad qdvqhssdm Yr.

PKAPR :

n1. enq n ∈ Wn+. 0[
0 )E1(n

1(� 1E1(n(. nsgdqvhrd
–54(

vhsg n+ ≃ +.0160
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Ehf0 flfl. Cdmrhsx okns ne sgd cheedqdmbd adsvddm sgd ptZmstl
RVHSBG knvdq antmc –51( Zmc sgd bkZrrhbZk oZsg toodq
antmc –48( Zr Z etmbshnm ne sgd dqqnq oqnaZahkhshdr n Zmc p
ne ahs/ Zmc ogZrd/fiho bgZmmdkr D Zmc D 0

Oqnne. Enq n : p: sgd Yqftldms vhsghm sgd lYwhltl
nodqYsnq hm –51( qdctbdr sn 0 � n1 ) E1(n

1( � 1E1(n(0 Ax
rnkuhmf sgd hmdptYkhsx 0 � n1 ) E1(n

1( � 1E1(n( , +: hs
qdrtksr sgYs vgdm n+ ≤ n ≤ 0 sgd Yenqdldmshnmdc hmdptYkhsx hr
rYshrzdc0 Fdmbd: sgd oqnne enkknvr0

Ax chqdbskx bnloZqhmf –54( vhsg Dp0 –7( hm )13[ –ZrrnbhZsdc
Ehftqd 1(: hs hr duhcdms sgd ghfgdq ZbbtqZbx ne sgd knvdq
antmc hm –54(0 Hm Ehf0 fl2 vd okns sgd toodq antmc PTAB
eqnl Z bkZrrhbZk oZsg Zmc sgd knvdq Zmc toodq antmcr PKAPR
Zmc PTAPR eqnl Z ptZmstl oZsg0 RodbhzbZkkx: vd nardqud sgZs
sgd Zcnoshnm ne sgd ptZmstl RVHSBG hmbnmsqnudqshakx annrsr
sgd odqenqlZmbd hm sdqlr ne ZbghduZakd ptZmstl bZoZbhsx Zmc
Zkknvr nmd sn uhnkZsd sgd ansskdmdbj hmdptZkhsx –fl1(: vgdmdudq
n hr fqdZsdq sgZm Z sgqdrgnkc uZktd qntfgkx dptZk sn +.2: Zr
cdsZhkdc hm BnqnkkZqx fl90

AnqnkkTqx fi90 Vgdm n : p: vd gYud sgd enkknvhmf.

P(LPR( < P(D → D( ∀ n ≥ n0 –55(

vhsg n0 ≃ +.20400 BkdYqkx: sgd rYld qdrtks gnkcr enq P(D →
D(0

Oqnne. Sgd oqnne enkknvr ax Ybbntmshmf enq sgd qdrtks hm
BnqnkkYqx 7 Ymc ax odqenqlhmf rnld YkfdaqYhb lYmhotkYshnmr0
RodbhzbYkkx: hs hr onrrhakd sn qdbnfmhyd sgYs enq n0 ≤ n ≤ 0 sgd
knvdq antmc hm –54( hr fqdYsdq sgYm sgd toodq antmc hm –48(.

P(D → D( ≤ 0�E1(n( ≤ n1 ≤ P(LPR(. ∀ n ≥ n0 –56(

Vd mnsd sgZs sgd ZcuZmsZfd ne sgd ptZmstl RVHSBG nudq
bkZrrhbZk oZsgr vZr rgnvm sn dwhrs hm khsdqZstqd enq uZktdr
ne n ≥ +.41 hm )13[0 BnqnkkZqx fl9 hloqnudr sghr qdrtks ax
dwsdmchmf sgd qZmfd hm vghbg sgd knvdq antmc nm sgd ptZm/
stl bZoZbhsx ZbghduZakd ax tshkhyhmf sgd ptZmstl RVHSBG
dwbddcr sgd toodq antmc nm sgd ptZmstl bZoZbhsx ZbghduZakd
uhZ bkZrrhbZk oZsg0 Sghr hr ctd sn sgd ghfgdq ZbbtqZbx ne sgd
knvdq antmc cdqhudc hm sghr lZmtrbqhos0

Ehf0 fl1. Cdmrhsx okns ne sgd cheedqdmbd adsvddm sgd toodq
antmc –52( Zmc knvdq antmc –51( nm ptZmstl bZoZbhsx Zbghdu/
Zakd vhsg sgd ptZmstl RVHSBG Zr Z etmbshnm ne sgd dqqnq
oqnaZahkhshdr n Zmc p ne ahs/ Zmc ogZrd/fiho bgZmmdkr D Zmc D 0

fl�fl fl�1 fl�3 fl�5 fl�6 0�fl

BcogQrhle opnaQahihsu .

fl�fl

fl�1

fl�3

fl�5

fl�6

0�fl

P
t
a
hs
r
o
cp

bg
Ql

l
ci

t
rc

PS=B PC=LQ PS=LQ

Ehf0 fl2. PtZmstl bZoZbhsx antmcr Zr Z etmbshnm ne sgd dqqnq
oqnaZahkhshdr p : n ne sgd mnhrx bgZmmdkr D Zmc D 0 Sgd fqddm
ZqdZ cdmnsdr sgd qdfhnm - dmbknrdc ax sgd knvdq/ Zmc sgd
toodq antmc PKAPR Zmc PTAPR - vgdqd sgd ptZmstl RVHSBG
bZoZbhsx P(LPR( adknmfr sn: vgdqdZr sgd aktd ZqdZ cdmnsdr
Z bnmrdquZshud drshlZsd ne sgd ptZmstl RVHSBG ZcuZmsZfd
nudq bkZrrhbZk oZsgr0

UH0 BNMBKTRHNMR

Hm sghr vnqj: vd hmudrshfZsdc sgd tkshlZsd qZsdr ZbghduZakd
vhsg ptZmstl oZsgr hlokdldmsdc uhZ sgd ptZmstl RVHSBG0
RodbhzbZkkx: vd cdqhudc dwoqdrrhnmr enq ansg sgd toodq/ Zmc
sgd knvdq antmc nm sgd ptZmstl bZoZbhsx enq cheedqdms onotkZq
ptZmstl bgZmmdkr0 Rnld ne sgd cdqhudc dwoqdrrhnmr cdodmc:
qdlZqjZakx: nm bnlotsZakd rhmfkd/kdssdq ptZmshshdr: vgdqdZr enq
rZld oZqshbtkZq bZrdr sgd toodq Zmc sgd knvdq antmcr bnhmbhcd0
Ntq zmchmfr qdudZk sgd rtarsZmshZk ZcuZmsZfd ZbghduZakd vhsg
Z ptZmstl oZsg nudq Zmx bkZrrhbZk bnlahmZshnm ne sgd bnl/
ltmhbZshnmr bgZmmdkr hm sdqlr ne tkshlZsd ZbghduZakd bnl/
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ltmhbZshnm qZsdr0 Etqsgdqlnqd: vd hcdmshzdc sgd qdfhnm vgdqd
Z ptZmstl oZsg hmbnmsqnudqshakx ntsodqenqlr sgd Zlntms ne
sqZmrlhrrhakd hmenqlZshnm adxnmc sgd khlhsr ne bnmudmshnmZk
ptZmstl RgZmmnm@r sgdnqx: Zmc vd ptZmshzdc sghr ZcuZmsZfd
nudq bkZrrhbZk oZsgr sgqntfg Z bnmrdquZshud drshlZsd0

�OODMCHW �
OQNNE NE OQNONRHSHNM fl

Ax Zbbntmshmf enq sgd dpthuZkdms bgZmmdk lncdk oqdrdmsdc hm
Rdb0 HHH: kds tr cdmnsd vhsg P(L |�N

PR ( sgd ptZmstl bZoZbhsx ne
sgd dpthuZkdms ptZmstl RVHSBG bgZmmdk gdqZkcdc ax Z |�⟩/
ldZrtqdldms ne sgd bnmsqnk ptahs |φZ⟩: Zmc vhsg P(L |+N

PR ( sgd
ptZmstl bZoZbhsx ne sgd ptZmstl RVHSBG bgZmmdk gdqZkcdc
ax Z |)⟩/ldZrtqdldms ne sgd bnmsqnk ptahs |φZ⟩0 Rhmbd sgdrd
svn dudmsr: nbbtqqhmf vhsg sgd oqnaZahkhshdr n� Zmc n+ fhudm
hm –fl6(: Zqd chrinhms: ax Zbbntmshmf enq sgd snsZk oqnaZahkhsx
sgdnqdl hs hr onrrhakd sn dwoqdrr sgd nudqZkk ptZmstl bZoZbhsx
P(LPR( ne sgd dpthuZkdms ptZmstl RVHSBG bgZmmdk LPR(·(
Zr.

P(LPR( : n�P(L |�N
PR ( ) n+P(L |+N

PR (. –57(

Ax Zbbntmshmf enq –8( hs qdrtksr sgZs sgd bgZmmdk bngdqdms
hmenqlZshnm bnmrshstsdr Z knvdq antmc - hm sgd qdfhnm vgdqd
hs hr mns mdfZshud - enq sgd ptZmstl bZoZbhsx P(L |�N

PR ( ne sgd
ptZmstl RVHSBG bgZmmdkflfl gdqZkcdc ax Z |�⟩/ldZrtqdldms:
Zmc sgd rZld gnkcr enq sgd ptZmstl bZoZbhsx P(L |+N

PR (0 Gdmbd:
hs qdrtksr.

P(L |±N
PR ( ≥ l]rT+. HZ(L |±N

PR ({. –58(

vgdqd HZ(L ( hr cdzmdc hm –7( Zmc sgd l]r nodqZsnq Zbbntmsr
enq sgd bZrd ne mdfZshud bngdqdms hmenqlZshnm0 Sgdqdenqd: sgd
ptZmstl bZoZbhsx ne sgd nudqZkk dpthuZkdms bgZmmdk hr knvdq
antmcdc Zr.

P(LPR( ≥ n�l]rT+. HZ(L |�N
PR ({) n+l]rT+. HZ(L |+N

PR ({
: l]rT+. n�HZ(L |�N

PR ({)l]rT+. n+HZ(L |+N
PR ({. –69(

vgdqd sgd kZrs dptZkhsx Zqhrdr eqnl mnm/mdfZshuhsx ne sgd
oqnaZahkhshdr n± ≥ +0

�OODMCHW A
OQNNE NE OQNONRHSHNM 1

Hs hr jmnvm sgZs ptZmstl bZoZbhsx ne Z Bgnh/rsqdsbgZakd
bgZmmdk L hr antmcdc eqnl Zanud ax qdkZshud dmsqnox ne
dmsZmfkdldms DB(ρE ( ne hsr Bgnh lZsqhw )31[0 Gdmbd: he
sgd bnlonmdmsr L |±N

PR (·( ne sgd dpthuZkdms ptZmstl RVHSBG
bgZmmdk Zqd Bgnh/rsqdsbgZakd: sgdhq ptZmstl bZoZbhshdr Zqd
toodq/antmcdc Zr.

P(L |±N
PR ( ≤ DB(ρE |±⟩

PR
(. –6fl(

flfl�mx ptZmstl bgZmmdk L rZshrexhmf L &H( 1 H : h0d0: lZoohmf sgd hcdmshsx
sn hsrdke: hr Z tmhsYk bgYmmdk0 Enq tmhsZk bgZmmdkr: sgd bgZmmdk bngdqdms
hmenqlZshnm HZ&L ( cdzmdc hm Cdzmhshnm 5 Zmc sgd bgZmmdk qdudqrd bngdqdms
hmenqlZshnm HpZ&L ( bnhmbhcd )31[0 Hs hr rsqZhfgsenqvZqc sn udqhex sgZs sgd
ptZmstl RVHSBG bgZmmdk LPR&·( fhudm hm –fl8( hr Z tmhsYk bgYmmdk enq ansg
sgd bZrdr ne ldZrtqhmf sgd bnmsqnk ptahs dhsgdq hm sgd rsZsd |�} nq hm sgd rsZsd
|)}0

Sgdqdenqd: rhmbd ptZmstl bZoZbhsx ne sgd dpthuZkdms ptZmstl
RVHSBG bgZmmdk hr sgd ZudqZfd ptZmstl bZoZbhsx –57( ne hsr
bnlonmdmsr: hs hr toodq/antmcdc Zr.

P(LPR( ≤ n�DB(ρE |�⟩
PR
( ) n+DB(ρE |+⟩

PR
(. –61(

�OODMCHW B
OQNNE NE OQNONRHSHNM 2

Sn oqnud sgd oqnonrhshnm Zmc Zbbnqchmfkx sn –69(: hs hr
mdbdrrZqx sn bZkbtkZsd bgZmmdk bngdqdms hmenqlZshnm HZ(L |±N

PR (
ne ansg sgd bnlonmdmsr ne sgd dpthuZkdms ptZmstl RVHSBG
bgZmmdk –bgZqZbsdqhydc ax sgdhq oqnaZahkhsx udbsnqr –24(
Zmc –25((0 �bbnqchmfkx sn –3(: vd dwsdmc sgd bgZmmdkr L |±N

PR (·(
Zr

ρBA : (EB ⊗L |±N
PR ((ρB/( –62(

Vhsg qdrodbs sn sgd cdzmhshnm ne bgZmmdk bngdqdms hmenqlZ/
shnm –7( Zmc ax qdZrnmhmf Zr hm )13[: )31[: )51[: hs bZm ad
rgnvm sgZs sgd rsZsd |ψB/⟩ lZwhlhyhmf –7( hr sgd lZwhlZkkx
dmsZmfkdc rsZsd adsvddm rxrsdlr > Zmc I: h0d0: |ψB/⟩ : |Φ+⟩0
Gdmbd: sZjhmf hmsn Zbbntms sgd cdzmhshnm ne Bgnh lZsqhw –4(:
ρBA hr sgd Bgnh lZsqhw ρE |±⟩

PR
ne sgd bnqqdronmchmf bgZmmdk

L |±N
PR (·(0 Gdmbd: sgd bgZmmdk bngdqdms hmenqlZshnm HZ(L |±N

PR (
hr fhudm ax.

HZ(L |±N
PR ( : R(ρ±A(� R(ρE |±⟩

PR
(. –63(

vgdqd ρ±A : SqBWρE |±⟩
PR
[0 Enq svn mns mdbdrrZqhkx hcdmshbZk

OZtkh bgZmmdkr: ax sZjhmf hmsn Zbbntms –24( Zmc –25(( Zmc

(HB ⊗W(ρ�+(HB ⊗W( : ρΨ+ . –64(
(HB ⊗ X (ρ�+(HB ⊗ X ( : ρΨ� . –65(
(HB ⊗ Y(ρ�+(HB ⊗ Y( : ρ�� . –66(

vgdqd ρ�± : |Φ±⟩ }Φ±| Zmc ρΨ± : |Ψ±⟩ }Ψ±| vhsg
|Φ±⟩ : 0|

1
(|++⟩ · |00⟩( Zmc |Ψ±⟩ : 0|

1
(|+0⟩ · |0+⟩(: sgd

bnqqdronmchmf Bgnh lZsqhbdr bZm ad fhudm Zr.

ρE |�⟩
PR

:
0

n�

�
ηX YρΨ+ ) ηRYρΨ� ) ηRX ρ��


. –67(

ρE |+⟩
PR

:
0

n+

��

�

η��


ρ�+ ) η+RρΨ+

) η+X ρΨ� ) η+Yρ��

. –68(

vhsg sgd oqnaZahkhshdr

n� : η. n+ : 0� η. –79(

Sgd zqrs sdql hm –63( bZm ad duZktZsdc rsqZhfgsenqvZqckx: rhmbd
SqBWρ�± [ : SqBWρΨ± [ : �

1 : rn sgZs. ρ
±
A : �

1 : vgdqd � hr Zm
hcdmshsx lZsqhw0 Bnmrdptdmskx: R(ρ±A( : inf1(1( : 00

Bnmudqrdkx: sgd duZktZshnm ne sgd rdbnmc sdql �R(ρE |±⟩
PR
(
△
:

Sq

ρE |±⟩

PR
inf1 ρE |±⟩

PR


hm –63( hr lnqd btladqrnld rhmbd

ρE |±⟩
PR

hr mns chZfnmZk0 Hmcddc: sn duZktZsd inf1 ρE |±⟩
PR
: hs hr

bnmudmhdms sn cdsdqlhmd sgd rodbsqZk cdbnlonrhshnm ne ρE |±⟩
PR
0
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fl5

Hm eZbs: ax jmnvhmf sgd dhfdmuZktdr λs ne ρE |±⟩
PR
: sgd unm

MdtlZmm dmsqnox bZm ad qd/dwoqdrrdc Zr.

�R(ρE |±⟩
PR
( : Sq


ρE |±⟩

PR
inf1 ρE |±⟩

PR



:


s

λ±s inf1 λ
±
s . –7fl(

SZjhmf hmsn Zbbntms nD,D+ : 0 � n
D,D
R � n

D,D
X � n

D,D
Y : sgd

dhfdmuZktdr λ±s ne ρE |±⟩
PR

Zqd fhudm ax.

Tλ�s { :

+.

ηRX
η

.
ηRY
η

.
ηX Y
η


. –71(

Tλ+
s { :

 xnR � ηRX � ηRY
0� η

.
xnX � ηRX � ηX Y

0� η
.

xnY � ηRY � ηX Y
0� η

.
0� xn) η

0� η


. –72(

Sgdqdenqd: sgd bnqqdronmchmf unm MdtlZmm dmsqnox qdZcr.

�R(ρE |�⟩
PR
( :

0

η

�
ηRX inf1 ηRX ) ηRY inf1 ηRY

) ηX Y inf1 ηX Y


� inf1 η. –73(

�R(ρE |+⟩
PR
( :

0

0� η

�
(0� xn) η( inf1(0� xn) η(

) (xnR � ηRX � ηRY( inf1(xnR � ηRX � ηRY(

) (xnX � ηRX � ηX Y( inf1(xnX � ηRX � ηX Y(

) (xnY � ηRY � ηX Y( inf1(xnY � ηRY � ηX Y(


� inf1(0� η(. –74(

EhmZkkx: vd duZktZsd sgd vdhfgsdc bngdqdms hmenqlZshnm ne
L |�N
PR ax oktffhmf hmsn sgd nasZhmdc unm MdtlZmm dm/

sqnohdr –73( Zmc –74( Zmc oqnaZahkhshdr –79(.

n�HZ(L |�N
PR ( : η(0� inf1 η( ) ηRX inf1 ηRX

) ηRY inf1 ηRY ) ηX Y inf1 ηX Y


. –75(

n+HZ(L |+N
PR ( : (0� η((0� inf1(0� η((

) (xnR � ηRX � ηRY( inf1(xnR � ηRX � ηRY(

) (xnX � ηRX � ηX Y( inf1(xnX � ηRX � ηX Y(

) (xnY � ηRY � ηX Y( inf1(xnY � ηRY � ηX Y(

) (0� xn) η( inf1(0� xn) η(. –76(

eqnl vghbg sgd knvdq antmc –26( nm sgd ptZmstl oZsg bZoZbhsx
enq ZqahsqZqx OZtkh bgZmmdkr enkknvr0

�OODMCHW C
OQNNE NE OQNONRHSHNM 3

Vd rsZqs ax anqqnvhmf sgd toodq antmc –61( nm bZoZbhsx ne
L |±N
PR (·( eqnl sgd qdkZshud dmsqnox ne dmsZmfkdldms ne hsr Bgnh

lZsqhw.

P(L |±N
PR ( ≤ DB(ρE |±⟩

PR
(
△
: gmc

ζ±R

R(ρE |±⟩
PR

||ζ±q (. –77(

vgdqd ζ±q hr Zm ZqahsqZqx rdoZqZakd rsZsd: Zmc R(ρE |±⟩
PR

||ζ±q ( hr
sgd qdkYshud dmsqnox ne ρE |±⟩

PR
vhsg qdrodbs sn hs –rdd Cde0 7(0

Rhmbd DB(ρE |±⟩
PR
( hr cdzmdc Zr Zm hmzltl ne R(ρE |±⟩

PR
||ζ±q (

vhsg qdrodbs sn ζ±q : hs hr toodq/antmcdc Zr

P(L |±N
PR ( ≤ DB(ρE |±⟩

PR
( ≤ R(ρE |±⟩

PR
||ζ±q (. –78(

enq ZqahsqZqx ζ±q 0 Nm sgd nsgdq gZmc:

R(ρE |±⟩
PR

||ζq( △
: Sq


ρE |±⟩

PR

�
inf1 ρE |+⟩

PR
� inf1 ζ±q



: Sq

ρE |+⟩

PR
inf1 ρE |±⟩

PR


� Sq


ρE |±⟩

PR
inf1 ζ

±
q



△
: �R(ρE |±⟩

PR
(� Sq


ρE |±⟩

PR
inf1 ζ

±
q


. –89(

Kds tr bgnnrd sgd rdoZqZakd rsZsd ζq ax qdZrnmhmf Zr hm )31[.

ζ±q :
0

1

0

d4+

|e⟩ }e| ⊗L |±N
PR (|e⟩ }e|(. –8fl(

Ax dwoknhshmf sgd JqZtr cdbnlonrhshnm ne L |±N
PR (·( vhsg

qdrodbs sn sgd bnqqdronmchmf oqnaZahkhsx udbsnqr –24( Zmc –25(:
Zesdq rnld ZkfdaqZhb lZmhotkZshnmr Zmc sZjhmf hmsn Zbbntms
n
D,D
+ : 0 � n

D,D
R � n

D,D
X � n

D,D
Y : –8fl( bZm ad qd/vqhssdm Zr

sgd enkknvhmf chZfnmZk lZsqhbdr.

ζ�q : chZf
�ηRX
1η

.
ηRY ) ηX Y

1η
.
ηRY ) ηX Y

1η
.
ηRX
1η


.

–81(

ζ+q :chZf
�0� xnR � xnX ) ηRX

1(0� η(
.
xnR ) xnX � ηRX � η

1(0� η(
.

xnR ) xnX � ηRX � η

1(0� η(
.
0� xnR � xnX ) ηRX

1(0� η(


. –82(

Vghkd sgd unm MdtlZmm dmsqnox R(ρE |±⟩
PR
( hr jmnvm eqnl –73(

Zmc –74(: sgd rdbnmc sdql hm –89( hr kdrr sqhuhZk0 Cdmnshmf
ρE |±⟩

PR
inf1 ζ

±
q

△
: �±: Zesdq rnld ZkfdaqZhb lZmhotkZshnmr: vd

nasZhm

�� :
ηRX
η

inf1

�ηRX
1η


ρ�� )

ηX Y
η

inf1

�ηRY ) ηX Y
1η


ρΨ+

)
ηRY
η

inf1

�ηRY ) ηX Y
1η


ρΨ� . –83(

�+ :
0� xnR � xnX ) ηRX

0� η
inf1

�0� xnR � xnX ) ηRX
1(0� η(


ρ�+

)
xnY � ηX Y � ηRY

0� η

· inf1
�0� xnR � xnX ) ηRX

1(0� η(


(ρ���ρ�+(

)
xnR � ηRY
0� η

inf1

� xnR ) xnX � ηRX � η

1(0� η(


ρΨ+

)
xnX � ηX Y
0� η

inf1

� xnR ) xnX � ηRX � η

1(0� η(


ρΨ�

� ηRX
0� η

inf1

� xnR ) xnX � ηRX � η

1(0� η(


(ρΨ+)ρΨ�(. –84(
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fl6

SZjhmf hmsn Zbbntms sgZs SqWρ�± [ : SqWρΨ± [ : 0: vd nasZhm.

SqW��[ :
0

η

�
ηRX inf1 ηRX ) (ηX Y ) ηRY(

· inf1(ηX Y ) ηRY(

� 0� inf1 η. –85(

SqW�+[ :
0� xnR � xnX ) ηRX

0� η
inf1(0� xnR � xnX ) ηRX (

)
xnR ) xnX � ηRX � η

0� η

· inf1(xnR ) xnX � ηRX � η(� 0� inf1(0� η(. –86(

EhmZkkx: oktffhmf hm sgd nasZhmdc qdrtks sn –89( Zmc vdhfgshmf
hs ax sgd oqnaZahkhshdr –79(: vd zmc.

n�R(ρE |�⟩
PR

||ζ±q ( : η ) ηX Y inf1 ηX Y

) ηRY inf1 ηRY � (ηX Y ) ηRY( inf1(ηX Y ) ηRY(.

n+R(ρE |+⟩
PR

||ζ±q ( : 0� η

) (xnR � ηRX � ηRY( inf1(xnR � ηRX � ηRY(

) (xnX � ηRX � ηX Y( inf1(xnX � ηRX � ηX Y(

) (xnY � ηRY � ηX Y( inf1(xnY � ηRY � ηX Y(

� (0� xnR � xnX ) ηRX ( inf1(0� xnR � xnX ) ηRX (

� (xnR ) xnX � ηRX � η( inf1(xnR ) xnX � ηRX � η(

) (0� xn) η( inf1(0� xn) η(. –87(

Ax rtllhmf ansg nasZhmdc sdqlr to sgd toodq antmc –27(
nm sgd ptZmstl oZsg@r bZoZbhsx enq ZqahsqZqx OZtkh bgZmmdkr
enkknvr0

QDEDQDMBDR

)fl[ R0 JntchZ: �0 R0 BZbbhZotnsh: J0 Rhlnmnu: Zmc L0 BZkdez: ”Gnv
Cddo sgd Sgdnqx ne PtZmstl BnlltmhbZshnmr Fndr. RtodqZcchshuhsx:
RtodqZbshuZshnm Zmc BZtrZk �bshuZshnm:‘ HDDD Bnlltm0 Rtqu0 Stsnq0:
unk0 13: o0 fl815: 19110

)1[ F0 BghqhadkkZ Zmc G0 JqhrsiZmrrnm: ”PtZmstl RgZmmnm sgdnqx vhsg
rtodqonrhshnmr ne sqZidbsnqhdr:‘ Oqnb0 Q0 Rnb0 �: unk0 364: mn0 1114: o0
19fl79892: 19fl80

)2[ V0 Jnyknvrjh: R0 Vdgmdq: Q0 U0 Ldsdq: A0 QhirlZm: �0 R0
BZbbhZotnsh: L0 BZkdez: Zmc R0 MZfZxZlZ: ”�qbghsdbstqZk Oqhmbhokdr
enq Z PtZmstl Hmsdqmds:‘ QEB 8239: LZq0 19120 )Nmkhmd[0 �uZhkZakd.
gssor.““vvv0qeb/dchsnq0nqf“hmen“qeb8239

)3[ �0 R0 BZbbhZotnsh: L0 BZkdez: Q0 UZm Ldsdq: Zmc K0 GZmyn: ”Vgdm
dmsZmfkdldms lddsr bkZrrhbZk bnlltmhbZshnmr. PtZmstl sdkdonqsZshnm
enq sgd ptZmstl hmsdqmds:‘ HDDD SqYmrYbshnmr nm BnlltmhbYshnmr:
unk0 57: mn0 5: oo0 2797-2722: 19190

)4[ �0 R0 BZbbhZotnsh: L0 BZkdez ds Yk0: ”PtZmstl Hmsdqmds. Mdsvnqjhmf
BgZkkdmfdr hm Chrsqhatsdc PtZmstl Bnlotshmf:‘ HDDD Mdsvnqi: unk0 23:
mn0 fl: oo0 fl26-fl32: 19190

)5[ K0 Fxnmfxnrh: R0 Hlqd: Zmc G0 U0 Mftxdm: ”� Rtqudx nm PtZmstl
BgZmmdk BZoZbhshdr:‘ HDDD Bnlltm0 Rtqu0 Stsnq0: unk0 19: mn0 1: oo0
flfl38-fl194: 19fl70

)6[ R0 OhqZmcnkZ: I0 Dhrdqs ds Yk0: ”�cuZmbdr hm ptZmstl sdkdonqsZshnm:‘ MYstqd
Ognsnmhbr: unk0 8: mn0 fl9: oo0 53fl-541: 19fl40

)7[ L0 L0 Vhkcd: PtYmstl HmenqlYshnm Sgdnqx0 Mdv Xnqj: MX: TR�.
BZlaqhcfd Tmhudqrhsx Oqdrr: 19fl20

)8[ I0 Oqdrjhkk: PtYmstl RgYmmnm Sgdnqx0 BZkhenqmhZ Hmrshstsd ne Sdbgmnk/
nfx: IZmtZqx 19fl70

)fl9[ I0 HkkhZmn: L0 BZkdez: �0 LZmyZkhmh: Zmc �0 R0 BZbbhZotnsh: ”PtZmstl
Hmsdqmds Oqnsnbnk RsZbj. Z Bnloqdgdmrhud Rtqudx:‘ Bnlotsdq Mdsvnqir:
unk0 1fl2: o0 fl98981: 19110

)flfl[ �0 R0 BZbbhZotnsh: I0 HkkhZmn: R0 JntchZ: J0 Rhlnmnu: Zmc L0 BZkdez:
”Sgd PtZmstl Hmsdqmds. DmgZmbhmf BkZrrhbZk Hmsdqmds Rdquhbdr nmd Ptahs
Zs Z Shld:‘ HDDD Mdsvnqi: unk0 25: oo0 5-fl1: 19110

)fl1[ B0 VZmf: �0 QZglZm: Q0 Kh: L0 �dklZmr: Zmc J0 BgZjqZanqsx: ”�ookh/
bZshnm RbdmZqhnr enq sgd PtZmstl Hmsdqmds:‘ Hmsdqmds Dmfhmddqhmf SZrj
Enqbd: Hmsdqmds/CqZes cqZes/hqse/phqf/ptZmstl/hmsdqmds/trd/bZrdr/flfl: �oq0
1911: vnqj hm Oqnfqdrr0

)fl2[ K0 L0 Oqnbnohn: �0 LnpZmZjh ds Yk0: ”DwodqhldmsZk rtodqonrhshnm ne
nqcdqr ne ptZmstl fZsdr:‘ MYs0 Bnlltm0: unk0 5: o0 68fl2: �tf0 19fl40

)fl3[ F0 Qtahmn: K0 �0 QnydlZ: �0 Edhw ds Yk0: ”DwodqhldmsZk udqhzbZshnm ne
Zm hmcdzmhsd bZtrZk nqcdq:‘ Rbh0 �cu0: unk0 2: mn0 2: 19fl60

)fl4[ X0 Ftn: W0/L0 Gt: Y0/A0 Gnt ds Yk0: ”DwodqhldmsZk sqZmrlhrrhnm ne
ptZmstl hmenqlZshnm trhmf Z rtodqonrhshnm ne bZtrZk nqcdqr:‘ Ogxr0 Qdu0
Jdss0: unk0 fl13: o0 929491: 19190

)fl5[ K0 L0 Oqnbnohn: E0 CdkfZcn ds Yk0: ”Rdmchmf bkZrrhbZk hmenqlZshnm uhZ
sgqdd mnhrx bgZmmdkr hm rtodqonrhshnm ne bZtrZk nqcdqr:‘ Ogxr0 Qdu0 �:
unk0 fl9fl: o0 9fl1235: 19190

)fl6[ F0 Qtahmn: K0 �0 QnydlZ: E0 LZrrZ ds Yk0: ”DwodqhldmsZk DmsZmfkdldms
ne SdlonqZk Nqcdqr:‘ PtYmstl: unk0 5: o0 51fl: 19110

)fl7[ S0 Rsq’nladqf: O0 RbghZmrjx: Q0 V0 Odsdqrnm: L0 S0 Pthmshmn: Zmc
O0 VZksgdq: ”CdlnmrsqZshnm ne Z ptZmstl RVHSBG hm Z RZfmZb bnmzf/
tqZshnm:‘ YqWhu d/oqhmsr: o0 ZqWhu.11flfl0fl1439: Mnu0 19110

)fl8[ J0 FnrvZlh: B0 FhZqlZsyh: L0 Jdvlhmf ds Yk0: ”Hmcdzmhsd BZtrZk Nqcdq
hm Z PtZmstl Rvhsbg:‘ Ogxr0 Qdu0 Jdss0: unk0 fl1fl: o0 989492: 19fl70

)19[ J0 FnrvZlh: X0 BZn ds Yk0: ”HmbqdZrhmf bnlltmhbZshnm bZoZbhsx uhZ
rtodqonrhshnm ne nqcdq:‘ Ogxr0 Qdu0 QdrdYqbg: unk0 1: o0 922181: 19190

)1fl[ G0 JqhrsiZmrrnm: F0 BghqhadkkZ ds Yk0: ”Qdrntqbd sgdnqhdr ne bnlltmhbZ/
shnm:‘ Mdv0 I0 Ogxr0: unk0 11: o0 9629fl3: 19190

)11[ �0 �0 �aanss: I0 Vdbgr ds Yk0: ”BnlltmhbZshnm sgqntfg bngdqdms bnmsqnk
ne ptZmstl bgZmmdkr:‘ PtYmstl: unk0 3: o0 222: 19190

)12[ C0 Dakdq ds Yk0: ”DmgZmbdc bnlltmhbZshnm vhsg sgd ZrrhrsZmbd ne
hmcdzmhsd bZtrZk nqcdq:‘ Ogxr0 Qdu0 Jdss0: unk0 fl19: o0 fl19491: LZq0 19fl70

)13[ R0 RZkdj ds Yk0: ”PtZmstl bnlltmhbZshnm hm Z rtodqonrhshnm ne bZtrZk
nqcdqr:‘ YqWhu d/oqhmsr: o0 ZqWhu.fl798095544: Rdo0 19fl70

)14[ F0 BghqhadkkZ: L0 AZmhj: R0 RZmjZq AgZssZbgZqxZ ds Yk0: ”Hmcdzmhsd
bZtrZk nqcdq dmZakdr odqedbs ptZmstl bnlltmhbZshnm vhsg ydqn bZoZbhsx
bgZmmdkr:‘ Mdv I0 Ogxr0: unk0 12: o0 922928: 191fl0

)15[ F0 BghqhadkkZ: F0 L0 C@�qhZmn ds Yk0: ”PtZmstl bnlotsZshnmr vhsgnts
cdzmhsd bZtrZk rsqtbstqd:‘ Ogxr0 Qdu0 �: unk0 77: o0 9112fl7: �tf0 19fl20

)16[ J0 FnrvZlh Zmc I0 Qnldqn: ”Dwodqhldmsr nm ptZmstl bZtrZkhsx:‘ �TR
PtYmstl Rbh0: unk0 1: o0 926fl9fl: 19190

)17[ L0 BZkdez Zmc �0 R0 BZbbhZotnsh: ”PtZmstl rvhsbg enq sgd ptZmstl
hmsdqmds. Mnhrdkdrr bnlltmhbZshnmr sgqntfg mnhrx bgZmmdkr:‘ HDDD I0
Rdk0 �qdYr Bnlltm0: unk0 27: oo0 464-477: Itkx 19190

)18[ S0 BnkmZfgh: F0 L0 C@�qhZmn: R0 EZbbghmh: Zmc O0 Odqhmnssh: ”PtZmstl
bnlotsZshnm vhsg oqnfqZllZakd bnmmdbshnmr adsvddm fZsdr:‘ Ogxrhbr
Jdssdqr �: unk0 265: mn0 34: oo0 1839 - 1832: 19fl10

)29[ L0 �qZẗin ds Yk0: ”BnlotsZshnmZk �cuZmsZfd eqnl PtZmstl/Bnmsqnkkdc
Nqcdqhmf ne FZsdr:‘ Ogxr0 Qdu0 Jdss0: unk0 flfl2: o0 149391: Cdb0 19fl30

)2fl[ W0 YgZn: X0 XZmf: Zmc F0 BghqhadkkZ: ”PtZmstl Ldsqnknfx vhsg Hmcde/
hmhsd BZtrZk Nqcdq:‘ Ogxr0 Qdu0 Jdss0: unk0 fl13: o0 fl89492: 19190

)21[ P0 Kht: Y0 Gt ds Yk0: ”NoshlZk RsqZsdfhdr ne PtZmstl Ldsqnknfx vhsg Z
Rsqhbs GhdqZqbgx:‘ Ogxr0 Qdu0 Jdss0: unk0 fl29: o0 969792: 19120

)22[ F0 BghqhadkkZ: ”Odqedbs chrbqhlhmZshnm ne mn/rhfmZkkhmf bgZmmdkr uhZ
ptZmstl rtodqonrhshnm ne bZtrZk rsqtbstqdr:‘ Ogxr0 Qdu0 �: unk0 75: o0
93929fl: Nbs0 19fl10

)23[ I0 AZuZqdrbn: L0 LtqZn: Zmc L0 S0 Pthmshmn: ”Rsqhbs ghdqZqbgx adsvddm
oZqZkkdk: rdptdmshZk: Zmc hmcdzmhsd/bZtrZk/nqcdq rsqZsdfhdr enq bgZmmdk
chrbqhlhmZshnm:‘ Ogxr0 Qdu0 Jdss0: unk0 fl16: o0 199493: 191fl0

)24[ �0 Edhw: L0 �qZẗin ds Yk0: ”PtZmstl rtodqonrhshnm ne sgd nqcdq ne oZqshdr
Zr Z bnlltmhbZshnm qdrntqbd:‘ Ogxr0 Qdu0 �: unk0 81: o0 941215: Mnu0
19fl40

)25[ O0 �0 Ftd̈qhm: �0 Edhw ds Yk0: ”DwonmdmshZk BnlltmhbZshnm Bnlokdwhsx
�cuZmsZfd eqnl PtZmstl Rtodqonrhshnm ne sgd Chqdbshnm ne Bnlltmh/
bZshnm:‘ Ogxr0 Qdu0 Jdss0: unk0 flfl6: o0 fl99491: Rdo 19fl50

)26[ C0 Edkbd Zmc U0 UdcqZk: ”PtZmstl QdeqhfdqZshnm vhsg Hmcdzmhsd BZtrZk
Nqcdq:‘ Ogxr0 Qdu0 Jdss0: unk0 fl14: o0 969592: 19190

)27[ S0 FtgZ: L0 �khltcchm: Zmc O0 OZqZrgZq: ”SgdqlncxmZlhb ZcuZmbdldms
hm sgd bZtrZkkx hmrdoZqZakd nbbtqqdmbd ne sgdqlZk lZor:‘ Ogxr0 Qdu0 �:
unk0 fl91: o0 9211fl4: 19190

)28[ J0 Rhlnmnu: F0 EqZmbhbZ: F0 FtZqmhdqh: Zmc L0 OZsdqmnrsqn: ”Vnqj
dwsqZbshnm eqnl bngdqdmskx ZbshuZsdc lZor uhZ ptZmstl rvhsbg:‘ Ogxr0
Qdu0 �: unk0 fl94: o0 9211fl6: 19110

)39[ O0 Q0 Chdftdy: U0 E0 KhranZ: Zmc Q0 L0 RdqqZ: ”SgdqlZk cduhbdr onvdqdc
ax fdmdqZkhydc ldZrtqdldmsr vhsg hmcdzmhsd bZtrZk nqcdq:‘ Ogxr0 Qdu0
�: unk0 fl96: o0 9fl1312: 19120

)3fl[ B0 G0 Admmdss ds Yk0: ”BZoZbhshdr ne ptZmstl dqZrtqd bgZmmdkr:‘ Ogxr0
Qdu0 Jdss0: unk0 67: oo0 21fl6-2119: �oq fl8860

)31[ R0 OhqZmcnkZ ds Yk0: ”EtmcZldmsZk khlhsr ne qdodZsdqkdrr ptZmstl bnl/
ltmhbZshnmr:‘ MYs0 Bnlltm0: unk0 7: o0 fl4932: 19fl60

This article has been accepted for publication in IEEE Journal on Selected Areas in Communications. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/JSAC.2023.3288263

This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License. For more information, see https://creativecommons.org/licenses/by-nc-nd/4.0/



fl7

)32[ L0 SZjdnjZ: R0 FtgZ: Zmc L0 L0 Vhkcd: ”EtmcZldmsZk qZsd/knrr sqZcdnee
enq noshbZk ptZmstl jdx chrsqhatshnm:‘ MYs0 Bnlltm0: unk0 4: 19fl30

)33[ C0 BgZmcqZ: L0 BZkdez: Zmc �0 R0 BZbbhZotnsh: ”Sgd DmsZmfkdldms/
�rrhrsdc BnlltmhbZshnm BZoZbhsx Nudq PtZmstl SqZidbsnqhdr:‘ HDDD
SqYmr0 Vhqdk0 Bnlltm0: unk0 1fl: oo0 2521-2536: 19110

)34[ J0 Vdh: M0 Shrbgkdq: R0/Q0 YgZn ds Yk0: ”DwodqhldmsZk PtZmstl Rvhsbg/
hmf enq DwonmdmshZkkx Rtodqhnq PtZmstl BnlltmhbZshnm Bnlokdwhsx:‘
Ogxr0 Qdu0 Jdss0: unk0 fl11: o0 fl19493: LZq0 19fl80

)35[ O0 �0 Ftd̈qhm: F0 Qtahmn: Zmc B́0 Aqtjmdq: ”BnlltmhbZshnm sgqntfg
ptZmstl/bnmsqnkkdc mnhrd:‘ Ogxr0 Qdu0 �: unk0 88: o0 9512fl6: Itmd 19fl80

)36[ F0 Rlhsg ds Yk0: ”Sgd ptZmstl bZoZbhsx vhsg rxlldsqhb rhcd bgZmmdkr:‘
HDDD SqYmr0 Hme0 Sgdnqx: unk0 43: mn0 8: oo0 3197-31fl6: Rdo0 19970

)37[ H0 CdudsZj: ”Sgd oqhuZsd bkZrrhbZk bZoZbhsx Zmc ptZmstl bZoZbhsx ne Z
ptZmstl bgZmmdk:‘ HDDD SqYmr0 Hme0 Sgdnqx: unk0 4fl: mn0 fl: oo0 33-44:
IZm 19940

)38[ R0 Kknxc: ”BZoZbhsx ne sgd mnhrx ptZmstl bgZmmdk:‘ Ogxr0 Qdu0 �: unk0 44:
oo0 fl5fl2-fl511: LZq fl8860

)49[ G0 AZqmtl ds Yk0: ”HmenqlZshnm sqZmrlhrrhnm sgqntfg Z mnhrx ptZmstl
bgZmmdk:‘ Ogxr0 Qdu0 �: unk0 46: oo0 3fl42-3fl64: Itm fl8870

)4fl[ A0 RbgtlZbgdq Zmc L0 �0 Mhdkrdm: ”PtZmstl cZsZ oqnbdrrhmf Zmc dqqnq
bnqqdbshnm:‘ Ogxr0 Qdu0 �: unk0 43: oo0 1518-1524: Nbs fl8850

)41[ L0 �0 Mhdkrdm Zmc H0 K0 BgtZmf: PtYmstl BnlotsYshnm Ymc PtYmstl
HmenqlYshnm: fl9sg �mmhudqrZqx dc0 BZlaqhcfd Tmhudqrhsx Oqdrr: 19flfl0

)42[ H0 CdudsZj Zmc �0 Vhmsdq: ”ChrshkkZshnm ne rdbqds jdx Zmc dmsZmfkdldms
eqnl ptZmstl rsZsdr:‘ Oqnb0 Q0 Rnb0 �0: unk0 35fl: IZm 19940

)43[ K0 Fxnmfxnrh ds Yk0: ”� Rtqudx nm PtZmstl BgZmmdk BZoZbhshdr:‘ HDDD
Bnlltm0 Rtqu0 Stsnq0: unk0 19: mn0 1: 19fl70

)44[ S0 L0 Bnudq Zmc I0 �0 SgnlZr: Dkdldmsr ne HmenqlYshnm Sgdnqx: 1mc dc0
Vhkdx: 19950

)45[ R0 LtqZkhcgZqZm: B0/K0 Ynt ds Yk0: ”Nudqbnlhmf dqZrtqd dqqnqr vhsg
ltkshkdudk rxrsdlr:‘ Mdv I0 Ogxr0: unk0 fl8: o0 9fl2915: 19fl60

)46[ I0 R0 Rhcgt ds Yk0: ”�cuZmbdr hm roZbd ptZmstl bnlltmhbZshnmr:‘ HDS
PtYmstl BnlltmhbYshnm: unk0 1: o0 fl71: 191fl0

)47[ B0 Ygnmf: B0 Ng ds Yk0: ”HmenqlZshnm sqZmrlhrrhnm vhsg bnmshmtntr
uZqhZakd ptZmstl dqZrtqd bgZmmdkr:‘ PtYmstl: unk0 6: o0 828: 19120

)48[ E0 �qtsd ds Yk0: ”PtZmstl rtoqdlZbx trhmf Z oqnfqZllZakd rtodqbnm/
ctbshmf oqnbdrrnq:‘ MYstqd: unk0 463: oo0 494-4fl9: 19fl80

)59[ L0 A0 QtrjZh: ”Ptahs DmsZmfkdldms AqdZjhmf BgZmmdkr:‘ Qdu0 LYsg0
Ogxr0: unk0 fl4: oo0 532-551: 19920

)5fl[ J0 Rhtcyhm̈rjZ: ”Fdnldsqx ne OZtkh lZor Zmc OZtkh bgZmmdkr:‘ Ogxr0 Qdu0
�: unk0 fl99: o0 95122fl: 19fl80

)51[ E0 Kdchsyjx: C0 Kdtmf: Zmc F0 Rlhsg: ”CdogqZrtqd bgZmmdk Zmc rtodq/
Zcchshuhsx ne bngdqdms hmenqlZshnm:‘ Ogxr0 Qdu0 Jdss0: unk0 fl1fl: Nbs 19fl70

KTqbdkkn ATkdey –L@fl1: RL@fl5( hr �rrnbhZsd Oqn/
edrrnq vhsg sgd CHDSH CdoZqsldms: Tmhudqrhsx ne
MZokdr Edcdqhbn HH: vgdqd gd bn/kdZc sgd PtZmstl
Hmsdqmds qdrdZqbg fqnto0 Rhmbd Itkx 19fl7: gd gdkc
sgd HsZkhZm mZshnmZk gZahkhsZshnm Zr Etkk Oqnedrrnq
hm SdkdbnlltmhbZshnmr Dmfhmddqhmf0 Ghr vnqj Zo/
odZqdc hm rdudqZk oqdlhdq HDDD SqZmrZbshnmr Zmc
IntqmZkr: Zmc gd qdbdhudc ltkshokd ZvZqcr: hmbktchmf
adrs rsqYsdfx: lnrs cnvmknYcdc Yqshbkd: Zmc lnrs
bhsdc Yqshbkd ZvZqcr0 Hm 1911: gd gZr addm ZvZqcdc
vhsg sgd HDDD BnlltmhbZshnmr Rnbhdsx ”Adrs St/

snqhYk OYodq �vYqc‘ 1911 enq sgd oZodq ”Vgdm DmsZmfkdldms Lddsr BkZr/
rhbZk BnlltmhbZshnmr. PtZmstl SdkdonqsZshnm enq sgd PtZmstl Hmsdqmds‘0
Btqqdmskx: gd rdqudr Zr dchsnq enq HDDD SqZmr0 nm Vhqdkdrr BnlltmhbZ/
shnmr Zmc HDDD SqZmr0 nm PtZmstl Dmfhmddqhmf0 Oqduhntrkx: gd rdqudc Zr
dchsnq“ZrrnbhZsd sdbgmhbZk dchsnq enq HDDD BnlltmhbZshnmr LZfZyhmd Zmc
HDDD BnlltmhbZshnmr Kdssdqr0 Gd gZr rdqudc Zr BgZhq: SOB BgZhq: Zmc SOB
Ldladq enq rdudqZk oqdlhdq HDDD bnmedqdmbdr0 Hm 19fl6: gd gZr addm Zoonhmsdc
Zr Chrshmfthrgdc Thrhsnq RodYidq enq HDDD Bnlotsdq Rnbhdsx Zmc gd gZr addm
dkdbsdc sqdZrtqdq ne sgd HDDD BnlRnb“US HsZkx BgZosdq0 Hm 19fl8: gd gZr addm
Zkrn Zoonhmsdc Zr ldladq ne sgd HDDD Mdv HmhshZshudr Bnllhssdd eqnl sgd
HDDD AnYqc ne Chqdbsnqr Zmc: hm 1912: gd gZr addm Zoonhmsdc Zr Chrshmfthrgdc
Jdbstqdq enq HDDD BnlRnb0

Ixqxkn Rhlnmnu qdbdhudc sgd L0Rb0 cdfqdd hm
ogxrhbr hm 19fl3 eqnl sgd SZqZr Rgdubgdmjn MZshnmZk
Tmhudqrhsx ne Jxhu –TjqZhmd( vhsg Z sgdrhr nm ogxrhbr
ne CM� Zmc sgd Og0C0 cdfqdd hm ogxrhbr hm 19fl7
eqnl sgd Tmhudqrhsx ne UhdmmZ –�trsqhZ( vhsg Z sgdrhr
nm ptZmstl entmcZshnmr0 Rhmbd 19fl7 gd vnqjdc Zs
sgd EZbtksx ne LZsgdlZshbr ne sgd Tmhudqrhsx ne
UhdmmZ –�trsqhZ( nm lZsgdlZshbZk entmcZshnmr ne
ptZmstl ldbgZmhbr Zmc ZookhbZshnmr ne mnmrsZmcZqc
ZmZkxrhr0 Ghr qdrdZqbg hmsdqdrsr hmbktcd ptZmstl hm/
enqlZshnm sgdnqx: ptZmstl bnlltmhbZshnmr: ptZm/

stl entmcZshnmr: ptZmstl sgdqlncxmZlhbr: Zmc lZsgdlZshbZk entmcZshnmr ne
ptZmstl sgdnqx0

�mfdkT RTqT ATbbhTotnsh –L@fl9: RL@fl5( hr Z
oqnedrrnq Zs sgd Tmhudqrhsx ne MZokdr Edcdqhbn HH
–HsZkx(0 Rhmbd Itkx 19fl7 rgd gdkc sgd mZshnmZk gZahk/
hsZshnm Zr ”Etkk Oqnedrrnq‘ hm SdkdbnlltmhbZshnmr
Dmfhmddqhmf0 Gdq vnqj gZr ZoodZqdc hm zqrs shdq
HDDD intqmZkr Zmc rgd gZr qdbdhudc cheedqdms ZvZqcr
Zmc qdbnfmhshnm: hmbktchmf sgd ”1911 HDDD BnlRnb
Adrs StsnqhYk OYodq �vYqc, Zmc ”191fl M1Vnldm.
RsYqr hm Mdsvnqihmf Ymc BnlltmhbYshnmr,0 Enq sgd
PtZmstl Hmsdqmds snohbr: rgd hr Z HDDD BnlRnb Chr/
shmfthrgdc Jdbstqdq: bkZrr ne 1911/19120 Btqqdmskx:

�mfdkZ RZqZ rdqudr Zr �qdY Dchsnq enq HDDD BnlltmhbZshnmr Kdssdqr: Zr
Dchsnq Ys JYqfd enq HDDD SqZmr0 nm BnlltmhbZshnmr Zmc Zr Dchsnq“�rrnbhYsd
Dchsnq enq sgd intqmZkr. HDDD BnlltmhbZshnmr Rtqudxr & StsnqhZkr: HDDD
SqZmr0 nm Vhqdkdrr BnlltmhbZshnmr: HDDD SqZmr0 nm PtZmstl Dmfhmddqhmf:
HDDD Mdsvnqj0 Rgd vZr sgd qdbhohdms ne sgd 19fl4 DwdlokYqx Dchsnq �vYqc
ne sgd HDDD BnlltmhbZshnmr Kdssdqr0 Eqnl 1919 sn 191fl: �mfdkZ RZqZ vZr
sgd Uhbd/BgZhq ne sgd HDDD BnlRnb Vnldm hm BnlltmhbZshnmr Dmfhmddqhmf
–VHBD(0 Oqduhntrkx: rgd gZr addm Zoonhmsdc Zr Otakhbhsx BgZhq ne VHBD0
Eqnl 19fl5 sn 19fl8 rgd gZr addm Zm Zoonhmsdc ldladq ne sgd HDDD BnlRnb
Xntmf OqnedrrhnmZkr RsZmchmf Bnllhssdd0 Eqnl 19fl6 sn 1919: rgd gZr addm
sgd SqdZrtqdq ne sgd HDDD Vnldm hm Dmfhmddqhmf –VHD( �ezmhsx Fqnto ne
sgd HDDD HsZkx Rdbshnm0 Gdq btqqdms qdrdZqbg hmsdqdrsr Zqd lZhmkx hm PtZmstl
BnlltmhbZshnmr: PtZmstl Mdsvnqjr Zmc PtZmstl HmenqlZshnm Oqnbdrrhmf0
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